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This study proposes an innovative approach to decision-making under uncer-
tainty, using Pakistan’s urban transportation issues—particularly in cities like
Karachi, Lahore, and Islamabad—as a case study. These cities face severe traffic
congestion, demanding more effective strategies for infrastructure planning. We

introduce a Linear Diophantine Fuzzy Z-Numbers (LDFZN) framework that cap-
tures membership and non-membership grades alongside the degree of relia-
bility, addressing key limitations of traditional fuzzy systems by simultaneously
considering uncertainty and confidence. Within this framework, we develop
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criteria compromise solutions under LDFZN settings; and a modified Technique for
Order Preference by Similarity to Ideal Solution (TOPSIS) tailored for LDFZN-based
scenarios. These tools are applied to real-world transportation challenges in
Pakistan, demonstrating their effectiveness in managing uncertainty and expert-
based confidence levels. The results outperform conventional models in decision
robustness and clarity under uncertain conditions. This work contributes signif-
icantly to the theoretical and practical advancement of fuzzy mathematics, ex-
tending uncertainty modeling and providing practical solutions not only for trans-
portation but also for various fields requiring informed decision-making with im-
precise and unreliable data.
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1. Introduction

An expansion of traditional real numbers, fuzzy numbers express quantities with imperfect values
instead of precise integers. In fuzzy logic and fuzzy systems, they are widely utilized and crucial for
modeling uncertainty. Numerous shapes, mainly triangular and trapezoidal, can be used to classify
fuzzy numbers, which make arithmetic operations and applications in fuzzy analysis and optimization
easier. Further details on their definitions, characteristics, and uses are provided in the sections that
follow. Each value in a range is given a degree of truth by a membership function, which makes fuzzy
numbers fuzzy subsets of the real line[1]. They enable the depiction of uncertainty in numerical values
by generalizing closed intervals and real numbers[2]. The extension principle and a-cut with interval
arithmetic are two techniques used in the arithmetic of fuzzy numbers [3]. The membership function
shape of the T1SM affects the addition, multiplication, and division, which can lead to computations
being more complex when they are not regular [4]. Fuzzy numbers are important in fuzzy optimiza-
tion and differential equations and they provide a framework for epistemic uncertainty management
in several domains [5]. They enhance the stability of systems in an uncertain environment and are
employed in decision-making applications in the absence of precise information[6]. However, fuzzy
numbers as a means to handle uncertainty are complex to calculate and interpret, particularly in cases
of non-uniform membership functions. In some cases, when a simpler model would be desirable to
use, the complexity of other models can become a barrier against their application. By combining
fuzzy logic and linear Diophantine equations, linear Diophantine fuzzy numbers (LDFNs) are an exten-
sion of conventional fuzzy numbers that enable the representation of uncertainty in decision-making.
In multi-objective optimization situations, these figures are especially helpful since they facilitate the
efficient modeling of uncertain parameters. The qualities, uses, and importance of these are explained
in further detail in the sections that follow. To represent the uncertain information by using parame-
ters, the LDFNs fuse fuzzy sets and linear Diophantine equations.

LDFNs are stratified into three categories, with individual properties and score functions, includ-
ing non-linear and improved scoring functions. In[7], LDFNs are applied to generate the solution for
non-linear programming problems by facilitating the optimization of competing objectives under un-
certainty. In the field of graph theory, shortest path problems are associated with weights in directed
networks and better algorithms, such as Dijkstra’s can be applied for better network routing decisions
[8]. Emergency Decision Making: Making use of the newly defined similarity measures, LDFNs provide
credible support for making decisions in emergency and incomplete information systems, to reduce
uncertainty. Since LDFNs were introduced, a number of similarity and distance measures have been
developed. These measures are essential for applications in domains such as data mining and medical
diagnosis[9]. According to [7], LDFNs illustrate its adaptability in optimization contexts by providing
a basis for addressing intricate nonlinear fractional programming problems. Although LDFNs have a
lot to offer in terms of modeling uncertainty, their intricacy may make them difficult to use in real-
world situations, so more study is needed to make their implementation easier. Dombi operations are
a class of aggregation operators that, by offering flexibility through operational parameters, improve
decision-making processes in fuzzy settings. Many fuzzy frameworks, such as m-polar image fuzzy,
Pythagorean fuzzy, and complex Pythagorean fuzzy sets, have incorporated these operations, which
include t-norms and t-conorms. There are three different kinds of operators: hybrid weighted average,
order weighted average, and weighted average. Provided as an effective solution to solve challenging
decision problems with the application in multiple attribute decision-making (MADM)[10]. An opera-
tor variant is such as geometric operators and mPoPF Dombi weighted averaging. It proved useful in
MADM with the examples of using it as a means of selecting optimum locations of gas stations [11].
Additional operations in terms of aggregation are presented to regulate symmetry of decision mak-
ing. Applied into the situation of selecting an expert to use proficiently, it proved its excellence com-
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pared to the traditional methods [12]. Such aspects are covered as operator development: complex
weighted arithmetic and geometric averaging operators. The given example of the case of decision-
making sheds light on the practical effect of bank decisions [13]. The problem of synthesizing data
derived across different sources and expressing it through one singular value representative of all the
information is one of the challenges in many fields, including computer science and engineering, eco-
nomics, and the social sciences. When the data is complex as is usually the case and is contradicting
to a large extent, it is important to ensure systematic means of efficiently combing information in
order to analyze, interpret and make decisions. An important mathematical concept underthis pro-
cedure is the aggregation operator. An aggregation operator is a mapping (or simply a function) that
takes a tuple of argument values to a single output value within the same domain, possibly a subset
of the real numbers over a given interval, say between 0 and 1. This operation is supposed to rep-
resent or sum up the collection of the inputs. According to predetermined criteria, these operators
are the fundamental mechanism for combining data points, expert opinions, sensor measurements,
or preference ratings. The wide range of applications for aggregation operators highlights their signif-
icance and pervasiveness. According to Yager (1988), they are fundamental to multi-criteria decision
making (MCDM), in which options are assessed according to several criteria and the performance
scores are combined by an aggregation function to get an overall utility value[14]. The information fu-
sion mostly depends on aggregation to combine input from multiple sensors or sources into a logical
whole[15]. To combine fuzzy set memberships and implement logical connectives, aggregation oper-
ators—such as t-norms and t-conorms—are crucial in fuzzy logic and systems [16].They can also be
used for database querying, machine learning for ensemble approaches, image processing, and pat-
tern identification. It is frequently necessary to assess several, frequently opposing, criteria at once
when navigating complex issues[17]. A methodical and structured technique to solving such issues
is offered by (MCDM)[18]. MCDM techniques are a means of building given structures to assess a
group of options with the notion of producing additional sensible and rational judgments as opposed
to trusting in lone intuition. TOPSIS (Technique of Order of Preference by Similarity to Ideal Solution)
is among the most used MCDM techniques and may be distinguished by simple logics and efficiency
of the calculations[19]. TOPSIS, which was the brainchild of Hwang and Yoon, makes up two artificial
reference points, including the negative-ideal solution, marking the worst performance, and the ideal
solution, which marks the utmost performance on all criteria[20]. The basic assumption based on Be-
hzadian, is that the best alternative must have maximum geometric distance between negative-ideal
solution and minimum geometric distance between the ideal solution[21]. TOPSIS provides a complete
ranking by calculating a relative proximity coefficient of each of the alternatives using these distances
which helps a decision-maker to select an optimal alternative of choice[22]. The analytical approaches
needed to address decision-making are more effective in the modern world. We apply and enhance
the MCDM methods, particularly VIKOR and TOPSIS, towards addressing complex assessment scenar-
ios that bear conflicting factors, in this research. We have found that the existing approaches to fuzzy
do not suit well to the twofold purpose of measuring the uncertainty and demonstrating the reliability,
which is a break in the critical decision making contexts. Our adventurous approach is based on how
we can develop LDFZNs, Linear Diophantine Fuzzy Z-Numbers. The reliability of Z-numbers and the
integrity of the theoretical underpinning of fuzzy sets that are linear, Diophantine are used by us. This
method can be used to gather details of uncertainty and religious nature of decision. We have devised
and provided two new aggregation operators, (1) the LDFZN Weighted Averaging (LDFZNWA) operator
on main aggregation operators and (2) the LDFZN Dombi Weighted Averaging (LDFZNDWA) operator,
with adaptive Dombi operators.In our work we achieved 3 key aims. The first thing was to develop full
formal mathematical definitions of our suggested operators with actual proofs of their functions. Sec-
ond, we presented detailed comparative study that demonstrated the superiority of our approaches
regarding the ability to handle complicated situation of uncertainty in data compared to classic VIKOR
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and TOPSIS formulations. Third, we used these innovations in different areas, and they demonstrated
their usefulness in supply chain resilience and Al-based risk management. With our contributions, we
improve theoretical and practical decision science. We equip the decision-makers with more reliable
means of operating in the turbulent environments by employing enhanced techniques. The current
study proofs that we managed to incorporate the latest fuzzy theory with practice MCDM require-
ments, which resulted into the quantifiable increase in reliability and accuracy of decision-making.

2. Structure of article

The content and structure of the research article are organized in a way that there is proper flow
towards the theoretical and practical application. It starts by introduction and abstract which describe
the context and inspiration behind the study. These sections are followed by the preliminaries where
a dedication to all the needed definitions and notations of fuzzy sets, Z-numbers, and Linear Diophan-
tine constructs is provided in details. All this background sets the reader on a vibrant platform to await
the main results section in which the proposed Linear Diophantine Fuzzy Z-Numbers Dombi Weighted
Averaging (LDFZNDWA) operator will be brought in together with its mathematical characteristics and
accompanying theorems. The article next proceeds to the statement of the problem, the specifica-
tion of a real-world setting of decision making in the framework of the issues of transport in the ur-
ban context of Pakistan. Then, three stand-alone decision-making algorithms of an operator-based
model based on the LDFZNDA, an adjusted TOPSIS method specific to LDFZN, and an adjusted VIKOR
method are put forward in the article. All algorithms are well presented and organized. An example
is provided in order to demonstrate the suitability of the suggested methods whereby the dynamics
of each technique can be seen with regard to solving the specified problem. It is then accompanied
by a sensitivity analysis which is meant to test the effect of alteration in the input parameters on the
ranking of alternatives, in order to identify the rank stability and robustness of the models. Lastly, a
comparison is performed so as to evaluate the performance of the proposed techniques in relation to
the conventional fuzzy decision making techniques. The above comparison shows the benefits of LD-
FZN framework when managing uncertainty and including degrees of expert confidence. The logical
flow in movement through theory to practice makes the article rigorous academically and extremely
practical to practice and therefore the article qualifies to be a piece of great contribution within the
sphere of fuzzy MCDM. The graphical representation of the structure of this article is given in Figure 1
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Fig. 1. Ranking from VIKOR.

3. Preliminaries

In this section we present the definitions that are crucial for the further development of this study.

Definition 3.1 (Linear Diophantine Fuzzy Set, £ [23]). Let Y be the universe. A Linear Diophantine
Fuzzy Set £ on Y is defined by:

L= A, (u(ry),v(15))  {alm;), () : 73 €Y} (1)
where p(7;), v(7;), a(7;), and y(7;) are such that:
0 < ofry)plry) +(75)v(r;) <1 Vi €Y (2)

0<a(r) +7(r) <1 (3)

The hesitation part can be written as:

=1 (al(r)u(ry) +7(r)v(r)) (4)
where H is the RP.
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The value of & can be represented as:
S = [(u,v), {a,7)] (5)
is known as the Linear Diophantine Fuzzy Number (LDFN).

Definition 3.2 (Linear Diophantine Fuzzy Z-numbers Set, £%[24]). A Linear Diophantine Fuzzy Z-numbers
Set £ on universe Y is defined by:

L7 = {r, (p(75), e (1), ve (1), ve (1)) 5 (e (75), e (73), ¢ (75), 7e(73)) = 75 € Y (6)

where 1 (7;), vc(75), o (75), ve(75) € [0, 1] are the membership, non-membership and reference pa-
rameters each in turn and they must satisfy:

0 < ag(7y)pe(my) +c(mve(r;) <1 Vr €Y 7)

pe(75), ve(75), ae(7), 7e(75) € [0, 1] are the reliabilities of membership, non-membership and ref-
erence parameters respectively, and must satisfy:

0 < ag(m))pe(Ty) +1e(my)ve(ry) <1 Vi €Y (8)
The reference parameters must satisfy:
0< ac(Tj) + ’Yg(Tj) <1 (9)

0 < ag(m;) +7e(7) < 1 (10)

The hesitation part can be written as:

2 — (acpie + Yeve + aepie + Yeve) (1)

H= 9

The value of 3Z can be represented as:

%Z: [<NC>M£>VC>V§>’<aC’O‘£77§77§>] (12)

is known as the Linear Diophantine Fuzzy Z-Number (LDFZN).

Definition 3.3 (Absolute Linear Diophantine Fuzzy Z-number[24]). A LDFZN on (2 of the form ' £Z =
{(7,(1,1,0,0),(1,1,0,0)) : 7; € Q} is called absolute LDFZN.

Definition 3.4 (Null Linear Diophantine Fuzzy Z-number[24]). A LDFZN on 2 of the form °£Z =
{(74,(0,0,1,1),(0,0,1,1)) : 7; € 2} is called empty or null LDFZN.

Definition 3.5 (Score Function of LDFZN &[24]). Let SZ = ((ue, pie, Ve, Ve) » {ae, e, Ve, Ye) ), then the
score function & : LDFZN — [—1, 1] is defined by:

1
S(37) = 5 [(ene — veve) + (acae — 1)) (13)

2
Definition 3.6 (Accuracy Function of LDFZN h[24]). Let 3% = ({uc, pe, vc, ve) , (o, e, ¢, Ye)), then
the accuracy function b : LDFZN — [0, 1] is defined by:

Hefle + VeV

1
h(S7) = 3 5 + (acae +v¢ve) (14)
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Definition 3.7 (Operations [25]). Let we have two Fuzzy Znumbers 71 = ({(ttr,, Vs, ), {try, V) and

To = ((frys Vry )y (Qrys Yy ) )5 2 > 1,40 > 0. Then, Dombi’s t-norm and t-conorm operation of Fuzzy Z

numbers are defined as follows:

r
1 1
1—1+[< e, >p+<ﬂ<;72 )p}l/pal_l_i_[( e, >p+(p&2 )p}l/@ )
I=pi¢r, 1—pi¢y, L—pe,, L—pie,
1 1
1-v, \® 1—VCT2>W} 1/p’ [(1_V§T1>p (1—'/&2)@] /p |7
L+ [( Yery ) + < Véry L+ Ver) * 1=ver,
1. 71 P19 =
1 1
- ay \¥ ar, \¥ ! ag P ae, \?1V¢ |7
t(Fe) () T () ()
1 1
1=v¢r, \ ¥ 1—ve, \ P11/¢’ 17, \ © 1-ne,, \ 911/
i+ [(E2) = (52) ] )+ (52)] ,
( \
1 1
T—pe, \ 9 1—pe., \911/¢7 T—pe, \ 9 1—pe, \P1V9 |7
te () Ge) ] ) ()
1 1 1 1
N 1 Y © Virg p11/0” a 1 Ver, p Ver, p11/9 7
() + (55)] () + (E5)
2. T ® Ty —
1 1
1—aCTI>P <1704<T2)@:| /e’ [(1*%71)@ (1,%72)@] p |
1+ [( acr, + s, 1+ er, + e,
1 1
1— 1—
n [( Yery >P+< Yerg )Pr/@’ L+ [( Yery )@+< Ve )@]1/@
\ 1=, 1=¢7, 1=, [ )
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/

1 ! 1 !
ey \#1Y¢ e \91Y#
1+ [w (1_U<1¢1> :| 1+ |:77b (1_”5171) i|
1 1
—V £ 1/@7 —V £ 1/@ !
o () ] e o (Se) ]
3. YT = < n Tl
1 ! 1 !
a o, \ P10 e, \P1Y#
1+ [w (1_O‘CT1) } 1+ [w (1—04571) }
( 1 1
1=ve \ ¥ /g’ 1—7¢,, \ © 1/p
N+ ()] e e ()]
(
1 1
1— 11/’ 1— p1l/0 |’
v fo(Se) ] e e ()]
1 ! 1 !
N Ver, P11/’ Ver, p11/p
1+ [w (l_ycﬁ) :| L+ |:¢ (1_'/571) ]
4. TV = 4
1 1
l1-a p11/p’ 1—a p11/p |
o (Ge) ] e ()]
1 1 1
Yer § 1/97 Yer © 1/50
\ L+ |:77b (1_7;1) i| L+ {w (1_'75171> i| y,

Propertities: Let 7; and 7, be two FZNs. Then, we have the following equations:
(N MER=Tdmn;

(2) MM =T ;
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(3) V(1 &) =9Y1m B Y12, > 0;
(4) (T1®7'2)¢_7'w®7'2,

(5) 17 @& Yot = (Y1 + 1ha)T;
(6) T4 @ V2 = r(Wrtee)

Definition 3.8 (Linear Diophantine Fuzzy Z-Numbers Dombi Weighted Average (LDFZNDWA)). Given
a collection of LDFZNs:

<<,u (C75), w(€75), v(CT5), v(€75) > <O‘ (15), a(€T5), (CTj)77(ij)>>a J=12,...,y,

The LDFZNDWA operator is defined as:

LDFZNDWA(71, 72, ..., 7)) = ED w;;

Table 1
Benchmarks of some FSs

Fuzzy Researchers Membership Non membership  Reference parameters Reliability
sets

FS Zadeh [26] v X X X
IFS Atanassov [27] v v X X
PyFS Yager [28] v v X X
FFS Senapati and Yager v X X

[Senapati2, 29]

g-ROFs Yager [30] v v X X
LDFS Riaz and Hashmi [23] v v v X
LDFZS Umar and VvV v v v

Rukhshanda[24]

4. Mainresult
Here we will come up with the cumulative value of the offered LDFZNDWA operator

Theorem 4.1. Let 7, = (<u((7'j),,u(§7'j) v(CT;), v(€T;) > <a Ctj), a(&75), v(CT5),

fy(ij)>> .j=1,2,...,Y, be a collection of LDFZNs. Then, the aggregated value using the LDFZNDWA

operator is also an LDFZN and is given by
LDFZNDWA (7,79, ..., 7,) = D_, w;7; where w; represents the weight associated with 7, satis-
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fying > w; = 1.

( \
1 1
1-— ;1 — ,
v \? 1/p . we \® 1/p
()T e ()]
1 1
1—ve. \® 1/p’ e, \ ¥ /p |7
e (T e (T
J J
1 ! 1 1
N ac o 1/e’ T ac e/ |7
()] ()
1 1
1/p’ o1/
1=7¢,, v 1=7e,,
Y . J Y . J
e [z (5] | 2o (52 ] |
where w = (w1, wy, .. .,w,)", withw; > 0and 3Y_, w; = 1.

Proof. Using the mathematical induction principle, this theorem is demonstrated. Let y = 2. We
obtain the following outcome based on the LDFZNDWAs operations

LDFZNDWA(T,72) =71 © T2

N — N N I/
—_
| —
/N
-
S
i PN
TR
~
<
| I
—
~
<
| — |
/N
-
r
;‘gn'_‘
=
N~
b
—_
—
~
<

10
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(

1
1—c,, )p} 1/p’
\ 1+ [( Vg
(
1 1
per, \% pen, \ 2149’
L [(E) + ()
1
—, P — p11/0’
el )T e
Ver, Ver,
1
1 B CMCTl ® aCT £ 1/@’
() - (E)
1
14471>KJ (177< )p} /g’
\ 1 + |:< Very + Véry
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] 1 1
B ) we \¥ /e~ ) v \? /e
@) T e ()]
1 1
) v, \® /e’ ) 1ve, \® Ve |7

e (2T e (2]

1 1
1-— 1-—

) 1= \ ¥ 1/p’ ) 1= \ ¥ 1/p
1+ {Zj:l%’( %Tj]> 1 1+ {Zj:le( V&J-]) }
\

Now, assume the formula holds for y = k

Yy
LDFZNDWA(71, 7o, . .., 7)) = EP wim
j=1

1 1
1 — _

1 1

1y P11/’ 1—p p11/p
1+ [F w ([ —= 1+ [ 3F w (—=
J=LTI Ve, J=LTIN 0 ver

N pee \ 1/p’ . e
1+ |:Zj:1 Wi <1_u;j> ] 1+ [ijl Wi (1—#5]5-

T

9

)

12
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Then,fory =k + 1

LDFZNDWA(71, 7o, . ..

Yy
[ Ty) = @ijj D Wrk+1Tk+1

j=1
(
1 L 1 L
N . he. e~ . RGEG
)] e ()]
1 1
i 1—ve. \® /e’ i 1—ve. \? e |7’
e ()T e ()]
1 1 1
N . ] o7 1/p’ . o o7 1/p
L+ |:Zj1 Wi <1—a;j) ] L+ {Zjﬂ"j (1—04;_j> ]
1 1
p1/e’ p11/e
k I=%¢-, i 1=,
e (52) ] e [mha(52)
( A
] 1 1
B p1/e’ o11/p
Her s Her
N EN N
1 1
- e11/0’ - p11/p
Ver Ve,
vl () | el ()|
@ J J ’
1 L 1 L
B w. \ V8 EGEC
)T R )]
1 1
/e’ p11/e
177@" e 177&7—'
el () | el (52)

13
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Theorem 4.2. Let Ty = (</~L<<Tj)7 :u(gTj>7 V(CT]'), l/(ij)>, <a(CTj)7 Oé(ij), ’Y(CT]‘%
7(5@-)}), be the set of LDFZNs, all identical, where j = 1,2, 3, ...y, such that 7; = 7 for all j. Then

LDFZNDWA(1, 7o, ..., 7)) = T.

Proof. Since

T = ((H(CTJ)’ U(&Tj)> V(CTj>7 I/(ij», <a(CTj)7 a(g’rj)? PY(CTJ')’ 7(573'))) =T,

forall j=1,2,...,v.
Then we have

Yy
LDFZNDWA(7y, 7o, . .., 7)) = EP wim
j=1

14
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1— ’ 1—
14w, Vir; 1+ w. Ver,
J J
Vers Vers
\ J J J

= ((u(Cmy), p(&ms), v(CTy), v(€T5)) , (lCTy), al§7y), ¥(CT5), v(E75))) =T

]
Theorem 4.3. Suppose Tj = <<M(€TJ)7 M(gTj)v V(CTj)7 V(gTj)>a <a<CTj)7 01(67']'), ’Y(CTj)v 7(€Tj)>>a for
j=1,2,...,y,beasetof LDFZNs, and define 7~ = min(7y, 72, ..., 7,) and 7+ = max (7, 7o, ..., 7).

Then, 7~ < LDFZNs, (1, 79,...,7,) < 77.

Proof. Let i = ((/L(CTJ)v /L(ST]'), V(CTj)v I/(f’/’j)) ) <a(§7—j)> O‘(f’rj)v 7(C7j)a 7(67_]'))) Jo=1,2,...,y,
be a set of LDFZNs. Define 7~ = (<:u_ (CTj)v I (ij), v (CTj)a v <€Tj)> ) <a_ (CTj)a o <§Tj)7 v (CTj)v v (ij»),
and T = (4 (), 1 (€73), v (C), wH(Em)) s (0 (C), 0 (€73), 77 (Cy), 7+ (675)) - The order-
ing ,u;j < He, < ,ugj is preserved by the weighted generalized aggregation function, yielding
1

1 1
- us © 1/@§1_ ne pl/pgl_ ot o1 1/p "
Crs Y . T Crs
cre(E)] o) T e ()]
¢r; -
j

Similarly for all the remaining components of 7,.We compare the values of 7~ and 7+
1 1 1

1—vT e11/e < 1—v¢ 11/ < 1t P11/
Cr; Yy A Tj Cr
1+ [Zg—1wa‘( ve J) ] 1+ j:1w‘7< Yirj ) ] 1+[ j=1%i (_ + ]) ]
-
j

Yer;
J
1— 1 <1-— 1 <1-— 1

/e — 7s -

. ”57]' P11/ ung_ o1/
i\ T I+ (Y wi | ——
J T=pe
Tj
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1 1 1
1T p11/p < 1—e p11/p < 1—~F pl/p"
Crs Y ) 7J Crs
1+ ?:1 Wy o J 1+ Zj:l w]( 7(7’4 ) ] 1+ Z]y-:l Wi 7_'_ J
gTj J CT]
1— 1 < 1 1

N o 1/@—1_ ag pl/pél_ oF p11/p "
&1, i &1,
L+ lii’:w (l_cﬂ) ] ” Z?—M(lasﬁj) ] L+ lZ";:le (J) ]

, ér; ) ) Mg

L= P11/ <

“er; 14

1+ Zg:1 Wi —
’qu_j

1—g P11/ < 1—~F P11/
Zy—l wj —T'] 1+ Zy Wi 57—.7
= W&T‘j j=1"J ,-yg
Tj
Since all components are between the corresponding components of 7~ and 71, we have the following

+

7= < LDFZNsy(m,7,...,7,) < 7.

Theorem 4.4. Let 7; = ((u(CT;), w(E7;), v(CTy), v(ETy)) , (a(Cmy), a(Emy), ¥(CTy), v (€T;))) , and
7 = (W (Cm5), W (€75), v (C75), v (§75)) (@ (C75), @ (§75), v (C75), v (€m5))) 0 = 1,2,3,...y.
Then LDFZNs, (11,72, 73,...,7y) < LDFZNs, (1}, 75,74,

STy
Proof. Since
w(Cry) < p(Cry),  p(éry) < p(éry),  v(lry) < vi(CTy),
a((Ty) < a*((Ty),  alr)) < <

v(éry) < v (€Ty),
(&), ()

v (¢75),  (€ry) <€),

we have

| | p(CT))”,

= (1=TJa=wem) < (1 =TI - nlcr))?)
L= p(€m) < 1 =€),
J RS ) (RC

110 =v(cm” < TJ = w(ém))”,
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J=1 J=1
Yy Yy
:>(1—H(1—y (€r,)) < 1 H1—y5¢] )
j=1 j=1
Similarly, we can show the following
a((ry) < a’(Cry),  allry) < a’(€1),v(C7) <7 (1), v(ETy) <
1-— 1 1 L

IN

1 L 1 L
N ‘uZ~ @1/@7_ ugv 71/
e e ()
J J
1 1

1—v P11/’ 1—v p1l/e |7
A o N B AT T

i J

1 1
1— 11—
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O]

Theorem 4.5. Let Ty = (</’L(CTj)7 M(éTj>7 V(CTJ'>7 V<§Tj)>7 <a(CTj)7 05(57-3)7 V(CTj)v ’7(57—]')))7
j=1,2, ..., v, be a setof linear Diophantine fuzzy Z number ordered weighted averaging (LDFC-

DOWA). Then, the LDFCDOWA operator of dimension vy is a function LDFCDOWA

that LDFCDOWA(71, 7o, . .., 7,) = DY, wT;.

(

1 1

7Y — T, such

J €r) \? Ve
1+<Z%(1i<ﬁm) )

7j=1
1 1
1= y o) \0 7ol y )\ /e |’
a((Tj ) a(éT;
1+ (];1 Wi (1—01@7'])) ) 1+ (];1 Wi (l—a(ﬁTj)) )
1 1
¢ 1(4)‘01/97 1(5)91/p
(S (1=
1*(;“3( v(@-f) ) 1+<;%(v(£n)]> )
\ Jj=1 Jj=1 Y,
Here w = (wy,ws, . ..,w,)" correspondsto; (j = 1,2,3,...,y) withw; > 0and Z;’:l w; = L.
Proof. The proof is obvious. [
Theorem 4.6. (ldempotency) Let
7 = ((u(CTy)s p(875), v(CT5), v(Em5)) s (@lCTy), al€Ty)s (CT5), v(E75)))
, are identical, i.e.,7; = 7, for all j.Then,
LDFZNOWA(Ty, Ty, . .., T,) = T.
Proof. Proof is obvious. ]

Theorem 4.7. (Boundedness)
Suppose

T = (<M(C7—j)7 M(STJ‘)’ V(CTj)v V(ij», <a(CTj)’ a(ij)v 7(<Tj)7 7<§Tj)>)>
be a set of LDFZNOWA, and define

T =max(m1, 72, T3, ., Ty).

TO =min(m, 2, T3, ..., Ty), T

Then,

,Ty) < .

7- < LDFZNOW Asy (11, T, T3, - . .

j:]‘72737“'7y)
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Proof. Proof is obvious. O

Theorem 4.8. (Monotonicity) Let

7y = ((ulCmy), pl€my), v(CTy), w(E75)) s ((CTy)s l€my), 7(CTy)s Y(€75)))

be a number of LDFZNs,ifr; < ij" Then,

LDFZOW Ay, (11,772,753, ...,Ty) < LDFZNOW A, (11, 75,75, ...,T,).

Yy
Proof. Proof is obvious. ]
Theorem 4.9. Let7; = (<M(CTJ’)> w(ér;), v(Cmy), v(Em)), (a(lTy), aléry), v(CTy), 7(5Tj)>>7 Jj=

1,2,3,...,y, be the set of LDFZNs. Then, the aggregated value using the LDFZNDWA operator is also
an LDFZN, defined as:

)
LDFZNDWA(T1,75,..., 7)) = 75 =
j=1

4 3

1 1

1- . o1/’ 1 . o11/%

Crs &1
1+ Z]*l wj <I—MZTJ_ > ] L+ Zj:l wj (I—MEJT ]
1 1
1w, \ Ve 1w, \ e

T+ 1 jmwi | = L+ 1205w | =
J J
1 1

1-— 1—

1 1
e \© /Q e \© 1/Q
s ()| [me (5
\ J
w= (wi,Wa,...,w,)" where w; >0 and 7Y w;=1
Proof. Proof is obvious. O]

5. Problem statement

Pakistan is facing a serious urban transportation crisis, especially in major cities like Karachi, Lahore, and Is-
lamabad, where mobility issues are becoming a real threat to both economic productivity and the overall quality
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of life. With an urbanization rate nearing 3 percent each year—one of the highest in South Asia—our infrastruc-
ture just can’t keep up. This situation has resulted in persistent traffic congestion, incurring an economic cost of
approximately Rs. 1 trillion annually due to diminished productivity. The complexity of this scenario poses a mul-
tifaceted planning challenge for policymakers who are tasked with achieving a equilibrium between: Financial
Constraints: Given the limitations of public budgets alongside various competing development priorities, any
proposed transportation solutions must demonstrate robust cost-benefit analyses. The construction of metro
systems is notably capital-intensive, with expenditures ranging from 50 to 100 million per kilometer, thereby ex-
erting considerable pressure on financial resources. Conversely, more economical alternatives such as Bus Rapid
Transit (BRT), which costs between 5 and 20 million per kilometer, may not adequately address the demand for
capacity. Urban Mobility Requirements: In urban centers where population densities surpass 30,000 individuals
per square kilometer, the strain on transportation infrastructures is substantial. Traditional interventions, such
as road widening, have proven ineffective due to the phenomenon of induced demand, and incremental solu-
tions often fail to address the overarching issue of systemic connectivity. Environmental Imperatives: Pakistan
is particularly vulnerable to climate change, as seen in devastating floods and severe air pollution (with Lahore
being named the world’s most polluted city in 2023). This situation calls for low-carbon transport solutions, es-
pecially since the transportation sector is responsible for nearly 40 percent of urban air pollution and 15 percent
of national greenhouse gas emissions. Implementation Challenges: Acquiring right-of-way, relocating utilities,
and coordinating among various levels of government create significant obstacles. For instance, Lahore’s Or-
ange Line Metro faced years of delays due to disputes over heritage preservation, while Karachi’s Green Line
BRT struggled with land acquisition and funding hurdles. The limitations of traditional planning tools become
especially clear when we cconsider the following.the following. The gap between short-term political agendas
and the long-term benefits of infrastructure is a real challenge. We also face difficulties in measuring how dif-
ferent transport options impact social equity. There are uncertainties about how urban growth will unfold in
the future and how technology might disrupt our plans. We have to weigh the pros and cons of taking a com-
prehensive approach to systems versus making gradual improvements. This study uses a fuzzy methodology to
tackle these complexities by: Recognizing that transportation alternatives can have both significant advantages
and serious downsides at the same time. Bringing together expert opinions with hard data. Acknowledging the
uncertainty that comes with long-term infrastructure planning. Allowing us to compare very different types of
solutions—like capital-heavy rail systems versus behavioral changes such as non-motorized transport—within a
unified analytical framework. The urgency of this analysis is highlighted by Pakistan’s commitments to the Paris
Agreement, which aims for a 35 percent reduction in greenhouse gas emissions by 2030, and the UN Sustain-
able Development Goals, particularly SDG 11.2 focused on sustainable transport. This is compounded by the
fact that our current transportation systems are already stretched to their limits during peak hours. Without
a systematic, data-driven approach to planning, cities risk: Underinvesting in mobility solutions, which leads
to ongoing congestion and pollution. Overinvesting in unsuitable technologies that become financial burdens.
Chasing fragmented projects that don’t create cohesive networks. This research equips policymakers with a
solid decision-support tool that takes into account Pakistan’s unique urban landscape—characterized by high
levels of informality (with 30-50 percent of urban trips made via para-transit), energy limitations, and gover-
nance hurdles—while providing a structured way to assess alternatives against various competing goals.the
following.the following.the following.the following.

Decision Criteria

Cost-effectiveness (G ): Outlining the first financial commitment or set up along with future servicing costs
Traffic Decongestion Potential (G2) Ability to alleviate citywide congestion

Environmental Impact (G3): Scope of emission cuts and ecological effects including carbon footprint
Implementation Feasibility (G4) Existing infrastructure and how readily the new system can be integrated
Transportation Alternatives

Metro Rail System (A;): High capacity electric rail network

Bus Rapid Transit (A2): Bus system with stations and exclusive lane use

Electric Vehicle Infrastructure (\3) Network of charging stations with supporting policies

Non-Motorized Transport (\4) Pedestrian infrastructure and cycling facilities
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6. MCDM algorithm using linear Diophantine fuzzy Z-numbers

Algorithm 1 LDFZN-Based Multi-Criteria Decision Making

1. Step 1: Define the Decision Problem

(a) Identify Alternatives:
o Let there be m alternatives \;, Ao, ..., )\, to be evaluated.
(b) Define Criteria:

o LettherebencriteriaG, Go, ..., G,. With deep understanding of the problem, choice
of suitable criteria is very important.

(c) Construct the Decision Matrix:

e Each alternative ); is evaluated under each criterion G; using a LDFZN.
2. Step 2: Aggregation Using LDFZNWA Operator

(a) Assign Weights to Criteria (if applicable):
o Let w; be the weight for criterion G;, where 3 77, w; = 1
(b) Apply the LDFZNWA Operator:
e For each alternative \;, compute the aggregated LDFZN using LDFZNDWA

3. Step 3: Compute Score Values

(a) Apply Score Function:
57(2) = 3| (e uter)-wcrven) ) +((alératen)-Gicn)ren) )

4. Step 4: Rank Alternatives and Select the Best Option

(a) Rank in Descending Order:

e Sort alternatives based on their scores:
>\1>/\2>"'>)\m

where \; has the highest score.
(b) Final Decision:

e The alternative with the highest score is the optimal choice.

Numerical Example
Step 1: Make Judgment Matrices
Create judgment matrices from the decision-makers’ assessments (see Table 1). The input from different profes-
sionals is represented by these matrices. Each alternative (A1, A2, A3, A4,) is evaluated in the decision-maker’s
assessment matrix (G1, Go, G3, G4) is displayed in Table 1. The values show the relative performance of each
alternative for each decision maker.
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Table 2
Linear Diophantine Fuzzy Z-Numbers given by Decision Makers
G1 Ga g3 G4
A1 (0.9,0.6),(0.2,0.2),(0.9,0.9),(0.3,0.2) (0.8,07),(0.4,0.3),(0.9,0.9),(0.2,01) (07, 0.6),(0.1,0.1),(0.8, 0.8),(0.1, 0.6) (0.6, 0.6),(0.9, 0.2),(0.4, 0.8),(0.7, 0.1)
A2 (07,0.6),(0.4,0.3),(0.9,0.8),(0.2, 0.1) (0.6, 0.9),(0.3, 0.2),(0.9, 0.9),(0.1, 0.1) (0.9, 0.8),(0.1, 0.5),(0.7, 0.6),(0.4, 0.3) (0.8, 07),(0.5, 0.4),(0.6, 0.9),(0.1, 0.1)
A3 (0.8,07),(0.1,0.5),(0.6,0.9),(0.4,0.3) (0.9, 0.8),(0.2, 0.1),(0.7, 0.6),(0.5, 0.4) (0.7, 0.6),(0.5, 0.4),(0.9, 0.8),(0.1, 0.1) (0.6, 0.9),(0.4, 0.3),(0.8, 0.7),(0.2, 0.1)
A4 (07,0.6),(01,05),(0.9,0.8),0.4,03)  (0.6,0.9),(0.5,0.4),(0.8,07),(0.3,02) (0.9,0.8),(0.3,0.2),(07,0.6),(0.2,0.5)  (0.8,07),(0.5, 0.5),(0.6, 0.9),(0.5, 0.5)

Step 2: Utilize the operator for the Linear Diaphatine Fuzzy Number Weighted Average Operator (LD-
FZNWA):

Utilize the mathematical formula for the LDFZNWA aggregation operator. The overall performance ratings of
four options across various sub-attributes are calculated in Table 8 by summing the assessments of the four
decision-makers (G, G2, G3, G4,Gs). All the weights are considered 2.5 .

The values provide the total evaluation of each choice according to several criteria.

Table 3
Apply LDFZNWA operator on Table 1

Alternatives  Aggregated value of LD-FNS

A1 (0.8868, 0.8868), (0.1132, 0.1132), (0.8936, 0.8936), (0.1064, 0.1064)
A2 (0.8868, 0.8868), (0.1132, 0.2230), (0.8936, 0.8936), (0.1064, 0.1026)
A3 (0.8868, 0.8868), (0.1132, 0.1132), (0.8868, 0.8868), (0.1132, 0.1064)
A4 (0.8868, 0.8868), (0.1132, 0.2231), (0.8868, 0.8868), (0.2230, 0.2230)
A5 (0.8868, 0.8868), (0.1132, 0.1132), (0.8936, 0.8936), (0.1064, 0.1064)

Step 3. Determine the Score Values
Utilizing the aggregation findings, determine the score values for each choice.
To rank alternatives, compare the score values.
Find the score value using the formula:

A1 =0.6604 Xy =0.6439 A3 =0.6140 A4 = 0.5622

Step 4. Making Decisions and Ranking
Based on the determined scores, order the options.

Ultimately, choose the one that has the highest ranking. The ranking of the alternatives is presented in Figure
2.

)\1>)\2>)\3>A4
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Performance scores from LDFZNDWA,

Score Value

Alternative 1 Alternative 2 Alternative 3 Alternative 4

Fig. 2. Score of alternatives obtained using LDFZNDWA Operator .

7. TOPSIS algorithm

TOPSIS Method on Numerical Problem
Step 1: Obtain crisp decision matrix:
By applying the score function on each entry of Table 2 we get Table 4.

Table 4
Crisp matrix obtained by applying score function on LDFZN

G1 Go o G4

A1 0.6250 0.6150 0.4950 0.5050
A2 0.5000 0.6400 0.4850 0.4450
A3 0.4650 0.4600 0.4650 0.4800
Ay 0.4850 0.4200 0.4900 0.3000

Step 1: Normalize the Decision Matrix
After normalization we get Table 5

Table 5
Normalized Decision matrix

g1 G2 Gs Ga

A1 0.5981 0.5672 0.5115 0.5742
Ay  0.4785 0.5902 0.5012 0.5060
A3 0.4450 0.4242 0.4805 0.5458
Ay 0.4641 0.3873 0.5063 0.341
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Algorithm 2 TOPSIS Algorithm

Input: Decision matrix based on LDFZN D = [z;;] of size m x n, weights vector w = [wy,ws, . ..

Output: Ranking of alternatives

1.

Obtain crisp decision matrix:

7wy

Convert LDFZN based decision matrix into crisp matrix by applying score function on each LDFZN.

1

57(2) = 3| ((uten) - wter) - ) - vien) ) + ((a(em) - alem) - (¢ 2(em) )

2

Normalize the decision matrix:

rij:—j, forer=1,....m;j=1,...,n
v o2
i=1Vij

Construct the weighted normalized decision matrix:

Vij = Wj - Tij, forizl,...,m;jzl,...,n
Determine the positive ideal (\*) and negative ideal (\~) solutions:
)\+ - {mzax Vi | j € Jbeneﬁt; miin Vij | ] S Jcost}

A= {Iniinvij |] S Jbeneﬁt; mZaXUij |] S Jcost}

. Calculate the separation measures:

)

)
S= > (= AD2 S7 =D (v —A;)?

j=1 j=1

. Calculate the relative closeness to the ideal solution:

S

7

C; = —1
St+ S

Rank the alternatives according to C; in descending order.
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Step 2: Forming of the Weighted Normalized Decision Matrix
The table 6 contains the weighted normalized matrix.

Table 6
Normalized decision matrix with weight

Gi Go gs Ga

A1 0.1495 0.1418 0.1279 0.1436
Ay 01196  0.1476 0.1253 0.1265
A3 01112  0.1061 0.1201 0.1364
A1 01160 0.0968 0.1266 0.0853

Optimal best and optimal worst solutions
The optimal best and optimal worst solutions are presented in Table 7.

Table 7
Separation measure

G1 Go Us G4

AT 01495 0.1476 0.279 0.1436
A” 0112 0.0968 0.1201 0.0853

The ultimate ranking options using TOPSIS is given in the Figure 3

TOPSIS performance scores

Score Value

Alternative 1 Alternative 2 Alternative 3 Alternative 4

Fig. 3. Your descriptive caption goes here.
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Algorithm 3 VIKOR Algorithm

Require: Decision matrix D = [z;;] of size m x n, weights vector w = [wy, ws, ..., wy]
Ensure: Ranking of alternatives
1: Obtain crisp decision matrix: Convert LDFZN based decision matrix into crisp matrix by applying
score function on each LDFZN.

57(2) = 3 | (0l tem)) = e vien)) + ((alén) - aler) - (1¢r) aten) )]

2: Step 1: Determine the best and worst values for each criterion
fi= Max y;, I = miina:ij, fory=1,....n

3: Step 2: Compute the utility measure S; and the regret measure R;

- [i— i
Si=3 w;
; A=

[7— i
R; = max | w;,=——=

4: Step 3: Compute the VIKOR index ();

S; — S* R, — R*
gt (] )
Ci=vg—g vk
where S* = min; S;, S~ = max; S;, R* = min; R;, R~ = max; R;, and v is the weight for the

strategy of "the majority of criteria” (usually v = 0.5).
5: Step 4: Rank the alternatives based on (; (primary), S;, and R; (secondary)
6: Step 5: Propose a compromise solution based on the following two conditions:

e Acceptable Advantage: Q(A®) — Q(AY) > DQ, where DQ = -1
o Acceptable Stability: A(Y) must also be ranked the best by S or/and R.
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VIKOR Method
The crisp decision matrix is same as of Table 4
Step 1: Ideal best and ideal worst.
The ideal best and ideal worst for each criterion is given in the Table 8

Table 8
Best (A ) and Worst (\~) values for each criterion

Criterion1 Criterion 2 Criterion 3 Criterion 4

At 0.6250 0.6400 0.4950 0.5050
A~ 0.4650 0.4200 0.4650 0.3000

Step 2: Regret Measure R; and Utility Measure S;.
Regret measures and utility measures for each alternative are given in Table 9.

Table 9
Calculated regret (R;) and utility (.S;) measures for alternatives

Alternative S; R;

A1 0.0284 0.0284

Ao 0.3518 0.1953

A3 0.7350 0.2500

A4 07604 0.2500

Step 3: VIKOR index (Q);).
The VIKOR index is given in the Table 10.

Table 10

VIKOR Index Values
Alternatives VIKOR Index (Q);)

A1 0.0000
A 0.5975
A3 0.9827
A4 1.0000

Scores in Table 10 present inverted ranking. highest score presents lowest ranking and lowest score presents
highest ranking. In order to visualize them we take reciprocal of scores and then divide them with those recip-
rocals with the sum of those reciprocals.

Given the VIKOR scores Q; for each alternative A;, the ranking is determined through reciprocal normaliza-
tion as follows:

Step 1: Compute Reciprocals

For each alternative \;, calculate the reciprocal of its (; score (with a small constant e = 0.9 for numerical
stability):
1

= 0 1
7 0T € > (15)
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Step 2: Sum of Reciprocals

Compute the total sum of all reciprocals:

S:' rj:ZQj—Fﬁ (16)

Step 3: Normalized Ranking Weights

Calculate the normalized weight for each alternative:
1/(Qi +
_ 1@Qi+o) )
> 1/(@+e)
]:

w; =

T
S

Step 4: Final Ranking

Rank alternatives in descending order of w;, where higher w; indicates better performance.
So the final ranking of alternatives is given in the figure 4

VIKOR performance scores

04

035}

=
o

025

02

Score Value

Lo
L.
o

01}

0.05

Alternative 1 Alternative 2 Alternative 3 Alternative 4

Fig. 4. Ranking from VIKOR.

8. sensitivity analysis

A comprehensive sensitivity analysis has been performed for LDFZNDWA operator. Ranking of alternatives
is preserved for various values of {2 as exhibited in Figure 5. The ranking values are closer to 1 for higher values

of ) and tend to get close to each other as well.
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Sensitivity analysis

Performance Score

Alternative 1 Alternative 2 Alternative 3 Alternative 4
Alternatives

Fig. 5. Ranking from VIKOR.

9. Comparative analysis

A comprehensive comparative analysis has been performed with three distinct MCDM approaches, LD-
FZNDWA operator based decision making algorithm, TOPSIS and VIKOR algorithm in order to validate the ef-
fectiveness and versatility of proposed LDFZNDWA operator. The first approach independently applies the LD-
FZNDWA operator separately within the decision-making algorithm developed in this study. The second and
third approaches uses LDFZNDWA operator with TOPSI and VIKOR respectively based on LDFZNs information.
The results for the comparative analysis for these three approaches are shown in the Table 11 below.

Table 11
Comparison of proposed LDFZNDWA operator with VIKOR and TOPSIS

Method Score Ranking of Alternatives

Score(\;) Score()\s) Score(\;) Score(M\s)

LDFZNDWA operator  0.6604 0.6439 0.6140 0.5622 A=A = A3 =\
TOPSIS 0.9353 0.6569 0.4752 0.0871 AL = A= A3 =\
VIKOR 0.3917 0.2354 0.1873 0.1856 A= Ao = A3 = Mg

The final rankings of the three proposed algorithms are compared in Figure 6.
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Fig. 6. Comparative analysis of proposed decision making algorithms

Compared to the existing MCDM models, our methodology handles uncertainty in a more enhanced way as
we have used the LDFZNs which incorporate both membership and non membership along with their reliability
values whereas the exiting models depend only on crisp or fuzzy values.

There is a very important point in there comparison that readers must keep in mind that topsis and vikor
do not necessarily give similar ranking. In our supposed decision matrix all three algorithms are giving similar
results but it is not always the case. We have conducted computations on many different supposed decision
matrices and found that order of the rankings of alternative may vary in proposed decision making algorithms.

Different rankings may be produced by VIKOR and TOPSIS because they use different approaches in MCDM.
Although both methods measure distances from ideal solutions, in TOPSIS’s case, it only determines the distance
between the options to the positive ideal solution without considering importance of each distance.” On the
other hand, VIKOR has a more refined approach by utilizing compromise solution which emphasizes increasing
collective utility (average score) and minimizing individual regret (worst performance), hence it is applicable
in conflict resolution situations. The essential disparity stems from VIKOR having a regret factor component
providing compromise solutions resulting into differing rankings as opposed to the distance ranking used by
TOPSIS; this difference is greater when dealing with closely performing alternatives or where decision makers
focus on worst outcomes instead of average outcomes.

10. Managerial Implications

Following are the managerial applications of our study.

10.1 Enhanced Decision-Making Under Uncertainty

The LDFZNs framework will alters the landscape and will be an indispensable tool for managers confronting
difficult decision making cases where the data are hazy and experts’ opinions are spread out all over the place. In
contrast to the traditional fuzzy techniques, the LDFZNs successfully express the degree of uncertainty and the
level of confidence on such assessments. This makes them also highly relevant for important decision-making in
areas such as urban development, improvement of infrastructure, and risk management. Take, for instance, mu-
nicipal planners in Pakistan, who could analyze the costs and benefits of different transportation options—e.g.,
metro rail vs. bus rapid transit—taking into account budget constraints, environmental implications, and the
realities of implementation, leading to better and more evidence-based policy.
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10.2 Improved Aggregation of Expert Judgments

The LDFZNDWA operator proposes a systematic procedure to integrate the perspectives of several experts,
even though the ideas that the experts suggest might be conflicting. It is particularly useful when there are many
interested parties, such as in corporate strategic planning sessions or in talks regarding the public policy where
one has to find a way of reconciling differing views. Managers can increase the viability of projects and the
support of stakeholders by minimizing prejudice, which will result into judgments that approximate consensus
by weighting expert assessments to the superiority of their predictions.

10.3 Better Ranking of Alternatives Using Hybrid MCDM

TOPSIS and VIKOR are used together with LDFZNs to offer an in-depth way of ranking selections in case of
rival standards. As an example, economical factors such as cost, scalability, and environmental effects can be
better evaluated when businesses select renewable energy projects. This systematic ranking process ensures
that the solution that was chosen meets the short term demands as well as the long term sustainability goals
since it does not involve subjective biases.

10.4 Support for Sustainable and Cost-Effective Planning

This approach strikes a compromise between environmental and economic considerations, which is cru-
cial for decision-makers in developing nations like Pakistan. In order to manage risks and prioritize initiatives
that yield the greatest advantages, decision-makers can measure uncertainty in cost projections, possible traf-
fic reductions, and carbon emissions. In order to ensure that infrastructure investments fulfill international
commitments like the Paris Agreement and the UN Sustainable Development Goals (SDG 11.2), this strategy is
essential.

10.5 Scalability Across Industries

Asresearch is only based on urban transportation, the presented LDFZN framework has broader applications
in other sectors, including healthcare, finance, and supply chain management. Hospitals, for example, might
use it to contemplate treatment options when the outcomes are uncertain. Investment professionals could use
it to measure investment risk in turbulent markets. The flexibility of this approach as a general tool for complex
decision making in the presence of uncertainty suggests that it can be a useful resource across all domains.

11. Conclusion

Capturing and managing complex uncertainty in MCDM was a challenge that this work successfully solved
with LDFZNs. These numbers combine linear Diophantine structures with Z-number notions to present a novel
method that goes beyond conventional fuzzy sets. The combination is helpful in providing a concurrent descrip-
tion of ambiguity and reliability in unreliable information. Significantly, the generalized operator LDFZNDWA has
been considered. It was more than clear based on our mathematical reasoning that this operator fulfills some of
the more important properties or characteristics; this includes but is by no way limited to, monotonicity, bound-
edness, idempotency, and closure. This proves that it is apposite and rational to merge LDFZN data. As part of
our initiative in order to assess the viability of the suggested approach, we performed an intensive case study to
select the best options in producing energy in Pakistan. We demonstrated how this framework can handle com-
peting criteria and inherent uncertainties in a practical setting by combining LDFZNs and the LDFZNWA operator
with a number of well-known MCDM methods, such as VIKOR and TOPSIS. By all means, this research provides
a reliable and statistically sound instrument to the decision-makers. The LDFZN frame and LDFZNWA operator
allow representing complex uncertainties more accurately in a complex situation where there is a multiplicity
of interests and incomplete information. The outcome of this is making more responsible and sound decisions.
Future research topics might include other LDFZN aggregation operators and knowledge of how the framework
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can be applied to other challenging decision-making areas.

Conflicts of Interest

The authors confirm that there are no conflicts of interest related to the research or its publication.

Acknowledgments

The authors would like to acknowledge the valuable comments and insightful feedback provided by all
anonymous reviewers, which have helped us enhance the quality of the current study.

References

[1]
(2]
[3]

[4]

[5]

[6]
[7]

(8]

(9]

[10]

[11]

[12]

[13]

Dubois, D., & Prade, H. (1993). Fuzzy numbers: An overview. In Readings in fuzzy sets for intel-
ligent systems (pp. 112-148). Elsevier. https://doi.org/10.1016/C2013-0-08304-1

Buckley, J. J., & Eslami, E. (2005). Fuzzy numbers. In An introduction to fuzzy logic and fuzzy
sets. Springer. https://doi.org/10.1007/978-3-7908-1799-7_4

Garrido, A. (2012). Axiomatic of fuzzy complex numbers. Axioms, 1(1), 21-32. https://doi.org/
10.3390/AXIOMS1010021

Al-Amin, M., Hassan, I., & Kar, S. (2024). Examining multiplication and division on fuzzy num-
bers using composite tables. World Journal of Advanced Research and Reviews, 23(1), 1075-
1082. https://doi.org/10.30574/wjarr.2024.23.1.2086

Islam, S., & Mandal, W. A. (2019). Fuzzy numbers and fuzzy optimization. In Fuzzy optimization:
Methods, applications and theory (pp. 75-131). Springer, Singapore. https://doi.org/10.1007/
978-981-13-5823-4_4

Bede, B. (2013). Fuzzy numbers. In Mathematics of fuzzy sets and fuzzy logic. Springer. https:
//doi.org/10.1007/978-3-642-35221-8_4

Igbal, N., Imran, M., Saeed, M., & Hameed, S. A. (2023). Multi-objective nonlinear program-
ming problem involving linear diophantine fuzzy numbers. Journal of Fuzzy Extension and Ap-
plications, 4(1), 47-58. https://doi.org/10.22105/jfea.2022.345699.1298

Parimala, M., Vennila, G., & Sivakami, R. (2021). Shortest path problem using linear diophantine
fuzzy numbers. Journal of Fuzzy Extension and Applications, 2(2), 149-157. https://doi.org/10.
22105/jfea.2021.287545.1162

Vennila, G., Sivakami, R., & Abirami, R. (2022). Some linear diophantine fuzzy similarity mea-
sures and their application in decision-making problem. Journal of Fuzzy Extension and Appli-
cations, 3(1), 77-91. https://doi.org/10.22105/jfea.2022.315332.1236

Jana, S. S., Dey, P. K., De, T., & Chakraborty, S. (2019). Pythagorean fuzzy dombi operators in
multi-attribute decision making. Fuzzy Sets and Systems, 366, 1-16. https://doi.org/10.1016/j.
fss.2018.12.003

Jana, S. S., Dey, P. K., Chakraborty, S., & De, T. (2024). M-polar picture fuzzy dombi operators
and their application in location selection of petrol stations. Soft Computing, 28(4), 1231-1246.
https://doi.org/10.1007/500542-024-06624-5

Alhamzi, A., Ali, M. M., Igbal, N., & Hassan, I. (2023). Interval-valued pythagorean fuzzy dombi
operators and their application in expert selection. Applied Soft Computing, 105, 107284. https:
//doi.org/10.1016/j.a50€.2021.107284

Akram, M., Yousaf, M., Naeem, M., & Nazir, M. (2021). Complex pythagorean fuzzy dombi oper-
ators for decision making in banking applications. Mathematics and Computers in Simulation,
176, 1-16. https://doi.org/10.1016/j.matcom.2020.10.002

33


https://doi.org/10.1016/C2013-0-08304-1
https://doi.org/10.1007/978-3-7908-1799-7_4
https://doi.org/10.3390/AXIOMS1010021
https://doi.org/10.3390/AXIOMS1010021
https://doi.org/10.30574/wjarr.2024.23.1.2086
https://doi.org/10.1007/978-981-13-5823-4_4
https://doi.org/10.1007/978-981-13-5823-4_4
https://doi.org/10.1007/978-3-642-35221-8_4
https://doi.org/10.1007/978-3-642-35221-8_4
https://doi.org/10.22105/jfea.2022.345699.1298
https://doi.org/10.22105/jfea.2021.287545.1162
https://doi.org/10.22105/jfea.2021.287545.1162
https://doi.org/10.22105/jfea.2022.315332.1236
https://doi.org/10.1016/j.fss.2018.12.003
https://doi.org/10.1016/j.fss.2018.12.003
https://doi.org/10.1007/s00542-024-06624-5
https://doi.org/10.1016/j.asoc.2021.107284
https://doi.org/10.1016/j.asoc.2021.107284
https://doi.org/10.1016/j.matcom.2020.10.002

Spectrum of operational research
Volume 00, Issue 00 (2025) 1-34

[14]

[15]
[16]
[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]

[26]
[27]
[28]
[29]

[30]

Yager, R. R. (1988). On ordered weighted averaging aggregation operators in multicriteria deci-
sion making. IEEE Transactions on Systems, Man, and Cybernetics, 18(1), 183-190. https://doi.
org/10.1109/21.87068

Torra, V., & Narukawa, Y. (2007). Modeling decisions: Information fusion and aggregation op-
erators. Springer. https://doi.org/10.1007/978-3-540-73729-5

Grabisch, M., Marichal, J.-L., Mesiar, R., & Pap, E. (Eds.). (2009). Aggregation functions (Vol. 127).
Cambridge University Press. https://doi.org/10.1017/CB097811396 44150

Detyniecki, M. (2001). Mathematical aggregation operators and their application to video query-
ing [Doctoral dissertation, Université Pierre et Marie Curie (Paris VI)].

Zavadskas, E. K., Turskis, Z., Antucheviciene, J., & Zakarevicius, A. (2014). Multiple criteria deci-
sion making (mcdm) techniques for business processes information management. Information,
5(4), 675-693. https://doi.org/10.3390/books978-3-03897-643-1

Triantaphyllou, E. (2000). Multi-criteria decision making methods: A comparative study. Springer
Science & Business Media. https://doi.org/10.1007/978-1-4757-3157-6

Hwang, C.-L., & Yoon, K. (1981). Multiple attribute decision making: Methods and applications—a
state-of-the-art survey. Springer-Verlag. https://doi.org/10.1007/978-3-642-48318-9
Behzadian, M., Otaghsara, S. K. K., Yazdani, M., & Ignatius, J. (2012). A state-of-the-art survey
of topsis applications. Expert Systems with Applications, 39(17), 13051-13069. https://doi.org/
10.1016/j.eswa.2012.05.056

Lai, Y.-J., Liu, T.-Y., & Hwang, C.-L. (1994). Topsis for modm. European Journal of Operational
Research, 76(3), 486-500. https://doi.org/10.1016/0377-2217(94)90282-8

Riaz, M., & Hashmi, M. R. (2019). Linear diophantine fuzzy set and its applications towards
multi-attribute decision-making problems. Journal of Intelligent & Fuzzy Systems, 37(4), 5417-
5439. https://doi.org/10.3233/JIFS-19055

Mirza, M. U., Anjum, R., Min, H., Alkahtani, B. S., & Anjum, M. (2025). The linear diophantine
fuzzy z-numbers set: Development and application to decision making in textile engineering
using the bonferroni mean operator. IEEE Access. https://doi.org/10.1109/ACCESS.2025.
3561136

Qiyas, M., Madrar, T., Khan, S., Abdullah, S., Botmart, T., & Jirawattanapaint, A. (2022). Decision
support system based on fuzzy credibility dombi aggregation operators and modified topsis
method. AIMS Mathematics, 7(10), 19057-19082. https://doi.org/10.3934/math.20221047
Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338-353. https://doi.org/10.
1016/50019-9958(65)90241-X

Atanassov, K. T. (1999). Intuitionistic fuzzy sets. Springer. https://doi.org/10.1007/978-3-7908-
1870-3

Yager, R. R. (2013). Pythagorean membership grades in multicriteria decision making. IEEE
Transactions on Fuzzy Systems, 22(4), 958-965. https://doi.org/10.1109/TFUZZ.2013.2278989
Senapati, T., & Yager, R. R. (2020). Fermatean fuzzy sets. Journal of Ambient Intelligence and
Humanized Computing, 11, 663-674. https://doi.org/10.1007/512652-019-01377-0

Yager, R. R. (2016). Generalized orthopair fuzzy sets. IEEE Transactions on Fuzzy Systems, 25(5),
1222-1230. https://doi.org/10.1109/TFUZZ.2016.2604005

34


https://doi.org/10.1109/21.87068
https://doi.org/10.1109/21.87068
https://doi.org/10.1007/978-3-540-73729-5
https://doi.org/10.1017/CBO9781139644150
https://doi.org/10.3390/books978-3-03897-643-1
https://doi.org/10.1007/978-1-4757-3157-6
https://doi.org/10.1007/978-3-642-48318-9
https://doi.org/10.1016/j.eswa.2012.05.056
https://doi.org/10.1016/j.eswa.2012.05.056
https://doi.org/10.1016/0377-2217(94)90282-8
https://doi.org/10.3233/JIFS-19055
https://doi.org/10.1109/ACCESS.2025.3561136
https://doi.org/10.1109/ACCESS.2025.3561136
https://doi.org/10.3934/math.20221047
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1007/978-3-7908-1870-3
https://doi.org/10.1007/978-3-7908-1870-3
https://doi.org/10.1109/TFUZZ.2013.2278989
https://doi.org/10.1007/s12652-019-01377-0
https://doi.org/10.1109/TFUZZ.2016.2604005

	Introduction
	Structure of article
	Preliminaries
	Main result
	Problem statement
	MCDM algorithm using linear Diophantine fuzzy Z-numbers
	TOPSIS algorithm
	sensitivity analysis
	Comparative analysis
	Managerial Implications
	Enhanced Decision-Making Under Uncertainty
	Improved Aggregation of Expert Judgments
	Better Ranking of Alternatives Using Hybrid MCDM
	Support for Sustainable and Cost-Effective Planning 
	Scalability Across Industries

	Conclusion

