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1. Introduction
An expansion of traditional real numbers, fuzzy numbers express quantities with imperfect valuesinstead of precise integers. In fuzzy logic and fuzzy systems, they are widely utilized and crucial formodeling uncertainty. Numerous shapes, mainly triangular and trapezoidal, can be used to classifyfuzzy numbers, which make arithmetic operations and applications in fuzzy analysis and optimizationeasier. Further details on their definitions, characteristics, and uses are provided in the sections thatfollow. Each value in a range is given a degree of truth by a membership function, which makes fuzzynumbers fuzzy subsets of the real line[1]. They enable the depiction of uncertainty in numerical valuesby generalizing closed intervals and real numbers[2]. The extension principle and a-cut with intervalarithmetic are two techniques used in the arithmetic of fuzzy numbers [3]. The membership functionshape of the T1SM affects the addition, multiplication, and division, which can lead to computationsbeing more complex when they are not regular [4]. Fuzzy numbers are important in fuzzy optimiza-tion and differential equations and they provide a framework for epistemic uncertainty managementin several domains [5]. They enhance the stability of systems in an uncertain environment and areemployed in decision-making applications in the absence of precise information[6]. However, fuzzynumbers as a means to handle uncertainty are complex to calculate and interpret, particularly in casesof non-uniform membership functions. In some cases, when a simpler model would be desirable touse, the complexity of other models can become a barrier against their application. By combiningfuzzy logic and linear Diophantine equations, linear Diophantine fuzzy numbers (LDFNs) are an exten-sion of conventional fuzzy numbers that enable the representation of uncertainty in decision-making.In multi-objective optimization situations, these figures are especially helpful since they facilitate theefficient modeling of uncertain parameters. The qualities, uses, and importance of these are explainedin further detail in the sections that follow. To represent the uncertain information by using parame-ters, the LDFNs fuse fuzzy sets and linear Diophantine equations.LDFNs are stratified into three categories, with individual properties and score functions, includ-ing non-linear and improved scoring functions. In[7], LDFNs are applied to generate the solution fornon-linear programming problems by facilitating the optimization of competing objectives under un-certainty. In the field of graph theory, shortest path problems are associated with weights in directednetworks and better algorithms, such as Dijkstra’s can be applied for better network routing decisions[8]. Emergency Decision Making: Making use of the newly defined similarity measures, LDFNs providecredible support for making decisions in emergency and incomplete information systems, to reduceuncertainty. Since LDFNs were introduced, a number of similarity and distance measures have beendeveloped. These measures are essential for applications in domains such as data mining and medicaldiagnosis[9]. According to [7], LDFNs illustrate its adaptability in optimization contexts by providinga basis for addressing intricate nonlinear fractional programming problems. Although LDFNs have alot to offer in terms of modeling uncertainty, their intricacy may make them difficult to use in real-world situations, so more study is needed to make their implementation easier. Dombi operations area class of aggregation operators that, by offering flexibility through operational parameters, improvedecision-making processes in fuzzy settings. Many fuzzy frameworks, such as m-polar image fuzzy,Pythagorean fuzzy, and complex Pythagorean fuzzy sets, have incorporated these operations, whichinclude t-norms and t-conorms. There are three different kinds of operators: hybrid weighted average,order weighted average, and weighted average. Provided as an effective solution to solve challengingdecision problems with the application in multiple attribute decision-making (MADM)[10]. An opera-tor variant is such as geometric operators and mPoPF Dombi weighted averaging. It proved useful inMADM with the examples of using it as a means of selecting optimum locations of gas stations [11].Additional operations in terms of aggregation are presented to regulate symmetry of decision mak-ing. Applied into the situation of selecting an expert to use proficiently, it proved its excellence com-
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pared to the traditional methods [12]. Such aspects are covered as operator development: complexweighted arithmetic and geometric averaging operators. The given example of the case of decision-making sheds light on the practical effect of bank decisions [13]. The problem of synthesizing dataderived across different sources and expressing it through one singular value representative of all theinformation is one of the challenges in many fields, including computer science and engineering, eco-nomics, and the social sciences. When the data is complex as is usually the case and is contradictingto a large extent, it is important to ensure systematic means of efficiently combing information inorder to analyze, interpret and make decisions. An important mathematical concept underthis pro-cedure is the aggregation operator. An aggregation operator is a mapping (or simply a function) thattakes a tuple of argument values to a single output value within the same domain, possibly a subsetof the real numbers over a given interval, say between 0 and 1. This operation is supposed to rep-resent or sum up the collection of the inputs. According to predetermined criteria, these operatorsare the fundamental mechanism for combining data points, expert opinions, sensor measurements,or preference ratings. The wide range of applications for aggregation operators highlights their signif-icance and pervasiveness. According to Yager (1988), they are fundamental to multi-criteria decisionmaking (MCDM), in which options are assessed according to several criteria and the performancescores are combined by an aggregation function to get an overall utility value[14]. The information fu-sion mostly depends on aggregation to combine input from multiple sensors or sources into a logicalwhole[15]. To combine fuzzy set memberships and implement logical connectives, aggregation oper-ators—such as t-norms and t-conorms—are crucial in fuzzy logic and systems [16].They can also beused for database querying, machine learning for ensemble approaches, image processing, and pat-tern identification. It is frequently necessary to assess several, frequently opposing, criteria at oncewhen navigating complex issues[17]. A methodical and structured technique to solving such issuesis offered by (MCDM)[18]. MCDM techniques are a means of building given structures to assess agroup of options with the notion of producing additional sensible and rational judgments as opposedto trusting in lone intuition. TOPSIS (Technique of Order of Preference by Similarity to Ideal Solution)is among the most used MCDM techniques and may be distinguished by simple logics and efficiencyof the calculations[19]. TOPSIS, which was the brainchild of Hwang and Yoon, makes up two artificialreference points, including the negative-ideal solution, marking the worst performance, and the idealsolution, which marks the utmost performance on all criteria[20]. The basic assumption based on Be-hzadian, is that the best alternative must have maximum geometric distance between negative-idealsolution and minimum geometric distance between the ideal solution[21]. TOPSIS provides a completeranking by calculating a relative proximity coefficient of each of the alternatives using these distanceswhich helps a decision-maker to select an optimal alternative of choice[22]. The analytical approachesneeded to address decision-making are more effective in the modern world. We apply and enhancethe MCDM methods, particularly VIKOR and TOPSIS, towards addressing complex assessment scenar-ios that bear conflicting factors, in this research. We have found that the existing approaches to fuzzydo not suit well to the twofold purpose of measuring the uncertainty and demonstrating the reliability,which is a break in the critical decision making contexts. Our adventurous approach is based on howwe can develop LDFZNs, Linear Diophantine Fuzzy Z-Numbers. The reliability of Z-numbers and theintegrity of the theoretical underpinning of fuzzy sets that are linear, Diophantine are used by us. Thismethod can be used to gather details of uncertainty and religious nature of decision. We have devisedand provided two new aggregation operators, (1) the LDFZN Weighted Averaging (LDFZNWA) operatoron main aggregation operators and (2) the LDFZN Dombi Weighted Averaging (LDFZNDWA) operator,with adaptive Dombi operators.In our work we achieved 3 key aims. The first thing was to develop fullformal mathematical definitions of our suggested operators with actual proofs of their functions. Sec-ond, we presented detailed comparative study that demonstrated the superiority of our approachesregarding the ability to handle complicated situation of uncertainty in data compared to classic VIKOR
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and TOPSIS formulations. Third, we used these innovations in different areas, and they demonstratedtheir usefulness in supply chain resilience and AI-based risk management. With our contributions, weimprove theoretical and practical decision science. We equip the decision-makers with more reliablemeans of operating in the turbulent environments by employing enhanced techniques. The currentstudy proofs that we managed to incorporate the latest fuzzy theory with practice MCDM require-ments, which resulted into the quantifiable increase in reliability and accuracy of decision-making.
2. Structure of article

The content and structure of the research article are organized in a way that there is proper flowtowards the theoretical and practical application. It starts by introduction and abstract which describethe context and inspiration behind the study. These sections are followed by the preliminaries wherea dedication to all the needed definitions and notations of fuzzy sets, Z-numbers, and Linear Diophan-tine constructs is provided in details. All this background sets the reader on a vibrant platform to awaitthe main results section in which the proposed Linear Diophantine Fuzzy Z-Numbers Dombi WeightedAveraging (LDFZNDWA) operator will be brought in together with its mathematical characteristics andaccompanying theorems. The article next proceeds to the statement of the problem, the specifica-tion of a real-world setting of decision making in the framework of the issues of transport in the ur-ban context of Pakistan. Then, three stand-alone decision-making algorithms of an operator-basedmodel based on the LDFZNDA, an adjusted TOPSIS method specific to LDFZN, and an adjusted VIKORmethod are put forward in the article. All algorithms are well presented and organized. An exampleis provided in order to demonstrate the suitability of the suggested methods whereby the dynamicsof each technique can be seen with regard to solving the specified problem. It is then accompaniedby a sensitivity analysis which is meant to test the effect of alteration in the input parameters on theranking of alternatives, in order to identify the rank stability and robustness of the models. Lastly, acomparison is performed so as to evaluate the performance of the proposed techniques in relation tothe conventional fuzzy decision making techniques. The above comparison shows the benefits of LD-FZN framework when managing uncertainty and including degrees of expert confidence. The logicalflow in movement through theory to practice makes the article rigorous academically and extremelypractical to practice and therefore the article qualifies to be a piece of great contribution within thesphere of fuzzy MCDM. The graphical representation of the structure of this article is given in Figure 1
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Fig. 1. Ranking from VIKOR.

3. Preliminaries
In this section we present the definitions that are crucial for the further development of this study.

Definition 3.1 (Linear Diophantine Fuzzy Set, L [23]). Let Y be the universe. A Linear DiophantineFuzzy Set L on Y is defined by:
L = {τj, ⟨µ(τj), ν(τj)⟩ , ⟨α(τj), γ(τj)⟩ : τj ∈ Y } (1)

where µ(τj), ν(τj), α(τj), and γ(τj) are such that:
0 ≤ α(τj)µ(τj) + γ(τj)ν(τj) ≤ 1 ∀τj ∈ Y (2)

0 ≤ α(τj) + γ(τj) ≤ 1 (3)
The hesitation part can be written as:

H = 1− (α(τj)µ(τj) + γ(τj)ν(τj)) (4)
where H is the RP.
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The value of ℑ can be represented as:

ℑ = [⟨µ, ν⟩ , ⟨α, γ⟩] (5)
is known as the Linear Diophantine Fuzzy Number (LDFN).
Definition3.2 (Linear Diophantine Fuzzy Z-numbers Set,LZ[24]). A Linear Diophantine Fuzzy Z-numbersSet LZ on universe Y is defined by:

LZ = {τj, ⟨µζ(τj), µξ(τj), νζ(τj), νξ(τj)⟩ , ⟨αζ(τj), αξ(τj), γζ(τj), γξ(τj)⟩ : τj ∈ Y } (6)
where µζ(τj), νζ(τj), αζ(τj), γζ(τj) ∈ [0, 1] are the membership, non-membership and reference pa-rameters each in turn and they must satisfy:

0 ≤ αζ(τj)µζ(τj) + γζ(τj)νζ(τj) ≤ 1 ∀τj ∈ Y (7)
µξ(τj), νξ(τj), αξ(τj), γξ(τj) ∈ [0, 1] are the reliabilities of membership, non-membership and ref-erence parameters respectively, and must satisfy:

0 ≤ αξ(τj)µξ(τj) + γξ(τj)νξ(τj) ≤ 1 ∀τj ∈ Y (8)
The reference parameters must satisfy:

0 ≤ αζ(τj) + γζ(τj) ≤ 1 (9)
0 ≤ αξ(τj) + γξ(τj) ≤ 1 (10)

The hesitation part can be written as:
H =

2− (αζµζ + γζνζ + αξµξ + γξνξ)

2
(11)

The value of ℑZ can be represented as:
ℑZ = [⟨µζ , µξ, νζ , νξ⟩ , ⟨αζ , αξ, γζ , γξ⟩] (12)

is known as the Linear Diophantine Fuzzy Z-Number (LDFZN).
Definition 3.3 (Absolute Linear Diophantine Fuzzy Z-number[24]). A LDFZN on Ω of the form 1LZD =
{(τj, ⟨1, 1, 0, 0⟩ , ⟨1, 1, 0, 0⟩) : τj ∈ Ω} is called absolute LDFZN.
Definition 3.4 (Null Linear Diophantine Fuzzy Z-number[24]). A LDFZN on Ω of the form 0LZD =
{(τj, ⟨0, 0, 1, 1⟩ , ⟨0, 0, 1, 1⟩) : τj ∈ Ω} is called empty or null LDFZN.
Definition 3.5 (Score Function of LDFZN S[24]). Let ℑZ = (⟨µζ , µξ, νζ , νξ⟩ , ⟨αζ , αξ, γζ , γξ⟩), then thescore function S : LDFZN → [−1, 1] is defined by:

S(ℑZ) =
1

2
[(µζµξ − νζνξ) + (αζαξ − γζγξ)] (13)

Definition 3.6 (Accuracy Function of LDFZN h[24]). Let ℑZ = (⟨µζ , µξ, νζ , νξ⟩ , ⟨αζ , αξ, γζ , γξ⟩), thenthe accuracy function h : LDFZN → [0, 1] is defined by:
h(ℑZ) =

1

2

[
µζµξ + νζνξ

2
+ (αζαξ + γζγξ)

]
(14)
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Definition 3.7 (Operations [25]). Let we have two Fuzzy Znumbers τ1 = (⟨µτ1 , ντ1⟩, ⟨ατ1 , γτ1⟩) and
τ2 = (⟨µτ2 , ντ2⟩, ⟨ατ2 , γτ2⟩), Ω ≥ 1,ψ > 0. Then, Dombi’s t-norm and t-conorm operation of Fuzzy Znumbers are defined as follows:

1. τ1 ⊕ τ2 =



1− 1

1 +
[(

µζτ1
1−µζτ1

)℘
+
(

µζτ2
1−µζτ2

)℘]1/℘ , 1− 1

1 +
[(

µξτ1
1−µξτ1

)℘
+
(

µξτ2
1−µξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−νζτ1
νζτ1

)℘
+
(

1−νζτ2
νζτ2

)℘]1/℘ , 1

1 +
[(

1−νξτ1
νξτ1

)℘
+
(

1−νξτ2
1−νξτ2

)℘]1/℘
 ,

1− 1

1 +
[(

αζτ1

1−αζτ1

)℘
+
(

αζτ2

1−αζτ2

)℘]1/℘ , 1− 1

1 +
[(

αξτ1

1−αξτ1

)℘
+
(

αξτ2

1−αξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−γζτ1
γζτ1

)℘
+
(

1−γζτ2
γζτ2

)℘]1/℘ , 1

1 +
[(

1−γξτ1
γξτ1

)℘
+
(

1−γξτ2
γξτ2

)℘]1/℘




.

2. τ1 ⊗ τ2 =



 1

1 +
[(

1−µζτ1
µζτ1

)℘
+
(

1−µζτ2
µζτ2

)℘]1/℘ , 1

1 +
[(

1−µξτ1
µξτ1

)℘
+
(

1−µξτ2
µξτ2

)℘]1/℘
 ,

1− 1

1 +
[(

νζτ1
1−νζτ1

)℘
+
(

νζτ2
1−νζτ2

)℘]1/℘ , 1− 1

1 +
[(

νξτ1
1−νξτ1

)℘
+
(

νξτ2
1−νξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−αζτ1

αζτ1

)℘
+
(

1−αζτ2

αζτ2

)℘]1/℘ , 1

1 +
[(

1−αξτ1

αξτ1

)℘
+
(

1−αξτ2

αξτ2

)℘]1/℘
 ,

1− 1

1 +
[(

γζτ1
1−γζτ1

)℘
+
(

γζτ2
1−γζτ2

)℘]1/℘ , 1− 1

1 +
[(

γξτ1
1−γξτ1

)℘
+
(

γξτ2
1−γξτ2

)℘]1/℘




.
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3. ψτ1 =



1− 1

1 +
[
ψ
(

µζτ1
1−µζτ1

)℘]1/℘ , 1− 1

1 +
[
ψ
(

µξτ1
1−µξτ1

)℘]1/℘
 ,

 1

1 +
[
ψ
(

1−νζτ1
νζτ1

)℘]1/℘ , 1

1 +
[
ψ
(

1−νξτ1
νξτ1

)℘]1/℘
 ,

1− 1

1 +
[
ψ
(

αζτ1

1−αζτ1

)℘]1/℘ , 1− 1

1 +
[
ψ
(

αξτ1

1−αξτ1

)℘]1/℘
 ,

 1

1 +
[
ψ
(

1−γζτ1
γζτ1

)℘]1/℘ , 1

1 +
[
ψ
(

1−γξτ1
γξτ1

)℘]1/℘




.

4. τψ =



 1

1 +
[
ψ
(

1−µζτ1
µζτ1

)℘]1/℘ , 1

1 +
[
ψ
(

1−µξτ1
µξτ1

)℘]1/℘
 ,

1− 1

1 +
[
ψ
(

νζτ1
1−νζτ1

)℘]1/℘ , 1− 1

1 +
[
ψ
(

νξτ1
1−νξτ1

)℘]1/℘
 ,

 1

1 +
[
ψ
(

1−αζτ1

αζτ1

)℘]1/℘ , 1

1 +
[
ψ
(

1−αξτ1

αξτ1

)℘]1/℘
 ,

1− 1

1 +
[
ψ
(

γζτ1
1−γζτ1

)℘]1/℘ , 1− 1

1 +
[
ψ
(

γξτ1
1−γξτ1

)℘]1/℘




.

Propertities: Let τ1 and τ2 be two FZNs. Then, we have the following equations:
(1) τ1 ⊕ τ2 = τ2 ⊕ τ1;
(2) τ1 ⊗ τ2 = τ2 ⊗ τ1;

8



Spectrum of operational researchVolume 00, Issue 00 (2025) 1-34
(3) ψ(τ1 ⊕ τ2) = ψτ1 ⊕ ψτ2, ψ > 0;
(4) (τ1 ⊗ τ2)

ψ = τψ1 ⊗ τψ2 ;
(5) ψ1τ ⊕ ψ2τ = (ψ1 + ψ2)τ ;
(6) τψ1 ⊗ τψ2 = τ (ψ1+ψ2).

Definition 3.8 (Linear Diophantine Fuzzy Z-Numbers Dombi Weighted Average (LDFZNDWA)). Givena collection of LDFZNs:
τj =

(〈
µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)

〉
,
〈
α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)

〉)
, j = 1, 2, . . . , y,

The LDFZNDWA operator is defined as:
LDFZNDWA(τ1, τ2, . . . , τy) =

y⊕
j=1

ωjτj

Table 1Benchmarks of some FSs
Fuzzysets Researchers Membership Non membership Reference parameters Reliability
FS Zadeh [26] ✓ × × ×

IFS Atanassov [27] ✓ ✓ × ×

PyFS Yager [28] ✓ ✓ × ×

FFS Senapati and Yager[Senapati2, 29] ✓ ✓ × ×

q-ROFs Yager [30] ✓ ✓ × ×

LDFS Riaz and Hashmi [23] ✓ ✓ ✓ ×

LDFZS Umar andRukhshanda[24] ✓ ✓ ✓ ✓

4. Main result
Here we will come up with the cumulative value of the offered LDFZNDWA operator

Theorem 4.1. Let τj =
(〈
µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)

〉
,
〈
α(ζτj), α(ξτj), γ(ζτj),

γ(ξτj)
〉)
, j = 1, 2, . . . , y, be a collection of LDFZNs. Then, the aggregated value using the LDFZNDWA

operator is also an LDFZN and is given by
LDFZNDWA(τ1, τ2, . . . , τy) =

⊕y
j=1wjτj where wj represents the weight associated with τj , satis-

9
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fying

∑y
j=1wj = 1.

1− 1

1 +

[∑y
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑y
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−γζτj
γζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘




,

where ω = (ω1, ω2, . . . , ωy)
T , with ωj ≥ 0 and

∑y
j=1 ωj = 1.

Proof. Using the mathematical induction principle, this theorem is demonstrated. Let y = 2. Weobtain the following outcome based on the LDFZNDWAs operations
LDFZNDWA(τ1, τ2) = τ1 ⊕ τ2

=



1− 1

1 +
[(

µζτ1
1−µζτ1

)℘]1/℘ , 1− 1

1 +
[(

µξτ1
1−µξτ1

)℘]1/℘
 ,

 1

1 +
[(

1−νζτ1
νζτ1

)℘]1/℘ , 1

1 +
[(

1−νξτ1
νξτ1

)℘]1/℘
 ,

1− 1

1 +
[(

αζτ1

1−αζτ1

)℘]1/℘ , 1− 1

1 +
[(

αξτ1

1−αξτ1

)℘]1/℘
 ,

 1

1 +
[(

1−γζτ1
γζτ1

)℘]1/℘ , 1

1 +
[(

1−γξτ1
γξτ1

)℘]1/℘




⊕
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1− 1

1 +
[(

µζτ2
1−µζτ2

)℘]1/℘ , 1− 1

1 +
[(

µξτ2
1−µξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−νζτ2
νζτ2

)℘]1/℘ , 1

1 +
[(

1−νξτ2
νξτ2

)℘]1/℘
 ,

1− 1

1 +
[(

αζτ2

1−αζτ2

)℘]1/℘ , 1− 1

1 +
[(

αξτ2

1−αξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−γζτ2
γζτ2

)℘]1/℘ , 1

1 +
[(

1−γξτ2
γξτ2

)℘]1/℘




,

=



1− 1

1 +
[(

µζτ1
1−µζτ1

)℘
+
(

µζτ2
1−µζτ2

)℘]1/℘ , 1− 1

1 +
[(

µξτ1
1−µξτ1

)℘
+
(

µξτ2
1−µξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−νζτ1
νζτ1

)℘
+
(

1−νζτ2
νζτ2

)℘]1/℘ , 1

1 +
[(

1−νξτ1
νξτ1

)℘
+
(

1−νξτ2
1−νξτ2

)℘]1/℘
 ,

1− 1

1 +
[(

αζτ1

1−αζτ1

)℘
+
(

αζτ2

1−αζτ2

)℘]1/℘ , 1− 1

1 +
[(

αξτ1

1−αξτ1

)℘
+
(

αξτ2

1−αξτ2

)℘]1/℘
 ,

 1

1 +
[(

1−γζτ1
γζτ1

)℘
+
(

1−γζτ2
γζτ2

)℘]1/℘ , 1

1 +
[(

1−γξτ1
γξτ1

)℘
+
(

1−γξτ2
γξτ2

)℘]1/℘




,
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=



1− 1

1 +

[∑2
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[∑2
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘
 ,

 1

1 +

[∑2
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑2
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑2
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑2
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘
 ,

 1

1 +

[∑2
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘ , 1

1 +

[∑2
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘




.

Now, assume the formula holds for y = k

LDFZNDWA(τ1, τ2, . . . , τy) =
y⊕
j=1

ωjτj

=



1− 1

1 +

[∑k
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[∑k
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘
 ,

 1

1 +

[∑k
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑k
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑k
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑k
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘
 ,

 1

1 +

[∑k
j=1 ωj

(
1−γζτj
γζτj

)℘]1/℘ , 1

1 +

[∑k
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘




.
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Then, for y = k + 1

LDFZNDWA(τ1, τ2, . . . , τy) =
y⊕
j=1

ωjτj ⊕ ωk+1τk+1

=



1− 1

1 +

[∑k
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[∑k
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘
 ,

 1

1 +

[∑k
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑k
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑k
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑k
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘
 ,

 1

1 +

[∑k
j=1 ωj

(
1−γζτj
γζτj

)℘]1/℘ , 1

1 +

[∑k
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘




⊕



1− 1

1 +

[
ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[
ωj

(
µξτj

1−µξτj

)℘]1/℘


 1

1 +

[
ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[
ωj

(
1−νξτj
νξτj

)℘]1/℘


1− 1

1 +

[
ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[
ωj

(
αξτj

1−αξτj

)℘]1/℘


 1

1 +

[
ωj

(
1−γζτj
γζτj

)℘]1/℘ , 1

1 +

[
ωj

(
1−γξτj
γξτj

)℘]1/℘




,

13
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=



1− 1

1 +

[∑k+1
j=1 ωj

(
1−µζτj
µζτj

)℘]1/℘ , 1− 1

1 +

[∑k+1
j=1 ωj

(
1−µξτj
µξτj

)℘]1/℘
 ,

 1

1 +

[∑k+1
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑k+1
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑k+1
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑k+1
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘
 ,

 1

1 +

[∑k+1
j=1 ωj

(
γζτj

1−γζτj

)℘]1/℘ , 1

1 +

[∑k+1
j=1 ωj

(
γξτj

1−γξτj

)℘]1/℘




.

Theorem 4.2. Let τj =
(〈
µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)

〉
,
〈
α(ζτj), α(ξτj), γ(ζτj),

γ(ξτj)
〉)

, be the set of LDFZNs, all identical, where j = 1, 2, 3, . . . , y, such that τj = τ for all j. Then

LDFZNDWA(τ1, τ2, . . . , τy) = τ.

Proof. Since
τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) = τ,

for all j = 1, 2, . . . , y.Then we have
LDFZNDWA(τ1, τ2, . . . , τy) =

y⊕
j=1

ωjτj
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

1− 1

1 +

[∑y
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑y
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−γζτj
γζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘




,

=



1− 1

1 + ωj

(
µζτj

1−µζτj

)℘ , 1− 1

1 + ωj

(
µξτj

1−µξτj

)℘
 ,

 1

1 + ωj

(
1−νζτj
νζτj

)℘ , 1

1 + ωj

(
1−νξτj
νξτj

)℘
 ,

1− 1

1 + ωj

(
αζτj

1−αζτj

)℘ , 1− 1

1 + ωj

(
αξτj

1−αξτj

)℘
 ,

 1

1 + ωj

(
1−γζτj
γζτj

)℘ , 1

1 + ωj

(
1−γξτj
γξτj

)℘




,
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

1− 1

1 + ωj

(
µζτj

1−µζτj

) , 1− 1

1 + ωj

(
µξτj

1−µξτj

)
 ,

 1

1 + ωj

(
1−νζτj
νζτj

) , 1

1 + ωj

(
1−νξτj
νξτj

)
 ,

1− 1

1 + ωj

(
αζτj

1−αζτj

) , 1− 1

1 + ωj

(
αξτj

1−αξτj

)
 ,

 1

1 + ωj

(
1−γζτj
γζτj

) , 1

1 + ωj

(
1−γξτj
γξτj

)




,

= (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) = τ.

Theorem 4.3. Suppose τj =
(〈
µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)

〉
,
〈
α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)

〉)
, for

j = 1, 2, . . . , y, be a set of LDFZNs, and define τ− = min(τ1, τ2, . . . , τy) and τ+ = max(τ1, τ2, . . . , τy).
Then, τ− ≤ LDFZNsω(τ1, τ2, . . . , τy) ≤ τ+.

Proof. Let τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) , j = 1, 2, . . . , y,be a set of LDFZNs. Define τ− = (⟨µ−(ζτj), µ
−(ξτj), ν

−(ζτj), ν
−(ξτj)⟩ , ⟨α−(ζτj), α

−(ξτj), γ
−(ζτj), γ

−(ξτj)⟩),and τ+ = (⟨µ+(ζτj), µ
+(ξτj), ν

+(ζτj), ν
+(ξτj)⟩ , ⟨α+(ζτj), α

+(ξτj), γ
+(ζτj), γ

+(ξτj)⟩). The order-ing µ−
ζτj

≤ µζτj ≤ µ+
ζτj

is preserved by the weighted generalized aggregation function, yielding
1− 1

1+

∑y
j=1 ωj

 µ−
ζτj

1−µ−
ζτj

℘1/℘ ≤ 1− 1

1+

[∑y
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ ≤ 1− 1

1+

∑y
j=1 ωj

 µ+
ζτj

1+µ+
ζτj

℘1/℘ .

Similarly for all the remaining components of τj .We compare the values of τ− and τ+
1

1+

∑y
j=1 ωj

 1−ν−
ζτj

ν−
ζτj

℘1/℘ ≤ 1

1+

[∑y
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ ≤ 1

1+

∑y
j=1 ωj

 1+ν+
ζτj

ν+
ζτj

℘1/℘ .

1− 1

1+

∑y
j=1 ωj

 µ−
ξτj

1−µ−
ξτj

℘1/℘ ≤ 1− 1

1+

[∑y
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘ ≤ 1− 1

1+

∑y
j=1 ωj

 µ+
ξτj

1−µ+
ξτj

℘1/℘ .

1

1+

∑y
j=1 ωj

 1−ν−
ξτj

ν−
ξτj

℘1/℘ ≤ 1

1+

[∑y
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘ ≤ 1

1+

∑y
j=1 ωj

 1−ν+
ξτj

ν+
ξτj

℘1/℘ .

1− 1

1+

∑y
j=1 ωj

 α−
ζτj

1−α−
ζτj

℘1/℘ ≤ 1− 1

1+

[∑y
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ ≤ 1− 1

1+

∑y
j=1 ωj

 α+
ζτj

1−α+
ζτj

℘1/℘ .
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1

1+

∑y
j=1 ωj

 1−γ−
ζτj

γ−
ζτj

℘1/℘ ≤ 1

1+

[∑y
j=1 ωj

(
1−γζτj
γζτj

)℘]1/℘ ≤ 1

1+

∑y
j=1 ωj

 1−γ+
ζτj

γ+
ζτj

℘1/℘ .

1− 1

1+

∑y
j=1 ωj

 α−
ξτj

1−α−
ξτj

℘1/℘ ≤ 1− 1

1+

[∑y
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘ ≤ 1− 1

1+

∑y
j=1 ωj

 α+
ξτj

1−α+
ξτj

℘1/℘ .

1

1+

∑y
j=1 ωj

 1−γ−
ξτj

γ−
ξτj

℘1/℘ ≤ 1

1+

[∑y
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘ ≤ 1

1+

∑y
j=1 ωj

 1−γ+
ξτj

γ+
ξτj

℘1/℘ .

Since all components are between the corresponding components of τ− and τ+, we have the following
τ− ≤ LDFZNsω(τ1, τ2, . . . , τy) ≤ τ+.

Theorem 4.4. Let τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) , and
τ ∗j = (⟨µ∗(ζτj), µ

∗(ξτj), ν
∗(ζτj), ν

∗(ξτj)⟩ , ⟨α∗(ζτj), α
∗(ξτj), γ

∗(ζτj), γ
∗(ξτj)⟩) , j = 1, 2, 3, . . . , y.

Then LDFZNsω(τ1, τ2, τ3, . . . , τy) ≤ LDFZNsω(τ
∗
1 , τ

∗
2 , τ

∗
3 , . . . , τ

∗
y ).

Proof. Since
µ(ζτj) ≤ µ∗(ζτj), µ(ξτj) ≤ µ∗(ξτj), ν(ζτj) ≤ ν∗(ζτj), ν(ξτj) ≤ ν∗(ξτj),

α(ζτj) ≤ α∗(ζτj), α(ξτj) ≤ α∗(ξτj), γ(ζτj) ≤ γ∗(ζτj), γ(ξτj) ≤ γ∗(ξτj),

we have
1− µ∗(ζτj) ≤ 1− µ(ζτj),

1−
y∏
j=1

(1− µ∗(ζτj))
ω ≤ 1−

y∏
j=1

(1− µ(ζτj))
ω,

=⇒
(
1−

y∏
j=1

(1− µ∗(ζτj))
ω
)
≤
(
1−

y∏
j=1

(1− µ(ζτj))
ω
)
.

1− µ∗(ξτj) ≤ 1− µ(ξτj),
y∏
j=1

(1− µ∗(ξτj))
ω ≤

y∏
j=1

(1− µ(ξτj))
ω,

=⇒
(
1−

y∏
j=1

(1− µ∗(ξτj))
ω ≤ 1−

y∏
j=1

(1− µ(ξτj))
ω
)
.

1− ν∗(ζτj) ≤ 1− ν(ζτj),
y∏
j=1

(1− ν∗(ζτj))
ω ≤

y∏
j=1

(1− ν(ζτj))
ω,

=⇒
(
1−

y∏
j=1

(1− ν∗(ζτj))
ω ≤ 1−

y∏
j=1

(1− ν(ζτj))
ω
)
.
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1− ν∗(ξτj) ≤ 1− ν(ξτj),
y∏
j=1

(1− ν∗(ξτj))
ω ≤

y∏
j=1

(1− ν(ξτj))
ω,

=⇒
(
1−

y∏
j=1

(1− ν∗(ξτj))
ω ≤ 1−

y∏
j=1

(1− ν(ξτj))
ω
)
.

Similarly, we can show the following
α(ζτj) ≤ α∗(ζτj), α(ξτj) ≤ α∗(ξτj), γ(ζτj) ≤ γ∗(ζτj), γ(ξτj) ≤ γ∗(ξτj).

1− 1

1 +

[∑y
j=1 ωj

(
µζτj

1−µζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
µξτj

1−µξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−νζτj
νζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−νξτj
νξτj

)℘]1/℘
 ,

1− 1

1 +

[∑y
j=1 ωj

(
αζτj

1−αζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
αξτj

1−αξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−γζτj
γζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−γξτj
γξτj

)℘]1/℘




≤



1− 1

1 +

[∑y
j=1 ωj

(
µ∗ζτj

1−µ∗ζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
µ∗ξτj

1−µ∗ξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−ν∗ζτj
ν∗ζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−ν∗ξτj
ν∗ξτj

)℘]1/℘
 ,

1− 1

1 +

[∑y
j=1 ωj

(
α∗
ζτj

1−α∗
ζτj

)℘]1/℘ , 1− 1

1 +

[∑y
j=1 ωj

(
α∗
ξτj

1−α∗
ξτj

)℘]1/℘
 ,

 1

1 +

[∑y
j=1 ωj

(
1−γ∗ζτj
γ∗ζτj

)℘]1/℘ , 1

1 +

[∑y
j=1 ωj

(
1−γ∗ξτj
γ∗ξτj

)℘]1/℘




.
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Theorem 4.5. Let τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) ,
j = 1, 2, . . . , y, be a set of linear Diophantine fuzzy Z number ordered weighted averaging (LDFC-
DOWA). Then, the LDFCDOWA operator of dimension y is a function LDFCDOWA : τ y → τ, such
that LDFCDOWA(τ1, τ2, . . . , τy) =

⊕y
j=1 ωτj.

y⊕
j=1

ωτj =



1− 1

1 +

(
y∑
j=1

ωj

(
µ(ζτj)

1−µ(ζτj)

)℘)1/℘
, 1− 1

1 +

(
y∑
j=1

ωj

(
µ(ξτj)

1−µ(ξτj)

)℘)1/℘

 ,


1

1 +

(
y∑
j=1

ωj

(
1−ν(ζτj)
ν(ζτj)

)℘)1/℘
,

1

1 +

(
y∑
j=1

ωj

(
1−ν(ξτj)
ν(ξτj)

)℘)1/℘

 ,

1− 1

1 +

(
y∑
j=1

ωj

(
α(ζτj)

1−α(ζτj)

)℘)1/℘
, 1− 1

1 +

(
y∑
j=1

ωj

(
α(ξτj)

1−α(ξτj)

)℘)1/℘

 ,


1

1 +

(
y∑
j=1

ωj

(
1−γ(ζτj)
γ(ζτj)

)℘)1/℘
,

1

1 +

(
y∑
j=1

ωj

(
1−γ(ξτj)
γ(ξτj)

)℘)1/℘





.

Here ω = (ω1, ω2, . . . , ωy)
T corresponds to τj (j = 1, 2, 3, . . . , y) with ωj ≥ 0 and

∑y
j=1 ωj = 1.

Proof. The proof is obvious.
Theorem 4.6. (Idempotency) Let

τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) ,

, are identical, i.e.,τj = τ , for all j.Then,

LDFZNOWA(τ1, τ2, . . . , τy) = τ.

Proof. Proof is obvious.
Theorem 4.7. (Boundedness)
Suppose

τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩) , j = 1, 2, 3, . . . , y,

be a set of LDFZNOWA, and define

τ− = min(τ1, τ2, τ3, . . . , τy), τ+ = max(τ1, τ2, τ3, . . . , τy).

Then,
τ− ≤ LDFZNOWAsω(τ1, τ2, τ3, . . . , τy) ≤ τ+.
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Proof. Proof is obvious.
Theorem 4.8. (Monotonicity) Let

τj = (⟨µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)⟩ , ⟨α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)⟩)

be a number of LDFZNs,ifτj ≤ τ ∗j Then,

LDFZOWAω(τ1, τ2, τ3, . . . , τy) ≤ LDFZNOWAω(τ
∗
1 , τ

∗
2 , τ

∗
3 , . . . , τ

∗
y ).

Proof. Proof is obvious.
Theorem 4.9. Let τj =

(〈
µ(ζτj), µ(ξτj), ν(ζτj), ν(ξτj)

〉
,
〈
α(ζτj), α(ξτj), γ(ζτj), γ(ξτj)

〉)
, j =

1, 2, 3, . . . , y, be the set of LDFZNs. Then, the aggregated value using the LDFZNDWA operator is also
an LDFZN, defined as:

LDFZNDWA(τ1, τ2, . . . , τy) =
y⊕
j=1

τj =

1− 1

1 +

[∑y
j=1 ωj

(
µζτj

1−µζτj

)Ω
]1/Ω , 1− 1

1 +

[∑y
j=1 ωj

(
µξτj

1−µξτj

)Ω
]1/Ω




1

1 +

[∑y
j=1 ωj

(
1−νζτj
νζτj

)Ω
]1/Ω , 1

1 +

[∑y
j=1 ωj

(
1−νξτj
νξτj

)Ω
]1/Ω


1− 1

1 +

[∑y
j=1 ωj

(
αζτj

1−αζτj

)Ω
]1/Ω , 1− 1

1 +

[∑y
j=1 ωj

(
αξτj

1−αξτj

)Ω
]1/Ω




1

1 +

[∑y
j=1 ωj

(
1−γζτj
γζτj

)Ω
]1/Ω , 1

1 +

[∑y
j=1 ωj

(
1−γξτj
γξτj

)Ω
]1/Ω




ω = (ω1, ω2, . . . , ωy)

T where ωj ≥ 0 and
∑y

j=1 ωj = 1

Proof. Proof is obvious.
5. Problem statement

Pakistan is facing a serious urban transportation crisis, especially in major cities like Karachi, Lahore, and Is-lamabad, where mobility issues are becoming a real threat to both economic productivity and the overall quality
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of life. With an urbanization rate nearing 3 percent each year—one of the highest in South Asia—our infrastruc-ture just can’t keep up. This situation has resulted in persistent traffic congestion, incurring an economic cost ofapproximately Rs. 1 trillion annually due to diminished productivity. The complexity of this scenario poses a mul-tifaceted planning challenge for policymakers who are tasked with achieving a equilibrium between: FinancialConstraints: Given the limitations of public budgets alongside various competing development priorities, anyproposed transportation solutions must demonstrate robust cost-benefit analyses. The construction of metrosystems is notably capital-intensive, with expenditures ranging from 50 to 100 million per kilometer, thereby ex-erting considerable pressure on financial resources. Conversely, more economical alternatives such as Bus RapidTransit (BRT), which costs between 5 and 20 million per kilometer, may not adequately address the demand forcapacity. Urban Mobility Requirements: In urban centers where population densities surpass 30,000 individualsper square kilometer, the strain on transportation infrastructures is substantial. Traditional interventions, suchas road widening, have proven ineffective due to the phenomenon of induced demand, and incremental solu-tions often fail to address the overarching issue of systemic connectivity. Environmental Imperatives: Pakistanis particularly vulnerable to climate change, as seen in devastating floods and severe air pollution (with Lahorebeing named the world’s most polluted city in 2023). This situation calls for low-carbon transport solutions, es-pecially since the transportation sector is responsible for nearly 40 percent of urban air pollution and 15 percentof national greenhouse gas emissions. Implementation Challenges: Acquiring right-of-way, relocating utilities,and coordinating among various levels of government create significant obstacles. For instance, Lahore’s Or-ange Line Metro faced years of delays due to disputes over heritage preservation, while Karachi’s Green LineBRT struggled with land acquisition and funding hurdles. The limitations of traditional planning tools becomeespecially clear when we cconsider the following.the following. The gap between short-term political agendasand the long-term benefits of infrastructure is a real challenge. We also face difficulties in measuring how dif-ferent transport options impact social equity. There are uncertainties about how urban growth will unfold inthe future and how technology might disrupt our plans. We have to weigh the pros and cons of taking a com-prehensive approach to systems versus making gradual improvements. This study uses a fuzzy methodology totackle these complexities by: Recognizing that transportation alternatives can have both significant advantagesand serious downsides at the same time. Bringing together expert opinions with hard data. Acknowledging theuncertainty that comes with long-term infrastructure planning. Allowing us to compare very different types ofsolutions—like capital-heavy rail systems versus behavioral changes such as non-motorized transport—within aunified analytical framework. The urgency of this analysis is highlighted by Pakistan’s commitments to the ParisAgreement, which aims for a 35 percent reduction in greenhouse gas emissions by 2030, and the UN Sustain-able Development Goals, particularly SDG 11.2 focused on sustainable transport. This is compounded by thefact that our current transportation systems are already stretched to their limits during peak hours. Withouta systematic, data-driven approach to planning, cities risk: Underinvesting in mobility solutions, which leadsto ongoing congestion and pollution. Overinvesting in unsuitable technologies that become financial burdens.Chasing fragmented projects that don’t create cohesive networks. This research equips policymakers with asolid decision-support tool that takes into account Pakistan’s unique urban landscape—characterized by highlevels of informality (with 30-50 percent of urban trips made via para-transit), energy limitations, and gover-nance hurdles—while providing a structured way to assess alternatives against various competing goals.thefollowing.the following.the following.the following.Decision CriteriaCost-effectiveness (G1): Outlining the first financial commitment or set up along with future servicing costsTraffic Decongestion Potential (G2) Ability to alleviate citywide congestionEnvironmental Impact (G3): Scope of emission cuts and ecological effects including carbon footprintImplementation Feasibility (G4) Existing infrastructure and how readily the new system can be integratedTransportation AlternativesMetro Rail System (λ1): High capacity electric rail networkBus Rapid Transit (λ2): Bus system with stations and exclusive lane useElectric Vehicle Infrastructure (λ3) Network of charging stations with supporting policiesNon-Motorized Transport (λ4) Pedestrian infrastructure and cycling facilities
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6. MCDM algorithm using linear Diophantine fuzzy Z-numbers

Algorithm 1 LDFZN-Based Multi-Criteria Decision Making
1. Step 1: Define the Decision Problem

(a) Identify Alternatives:
• Let there be m alternatives λ1, λ2, . . . , λm to be evaluated.

(b) Define Criteria:
• Let there ben criteriaG1,G2, . . . ,Gn. With deep understanding of the problem, choiceof suitable criteria is very important.

(c) Construct the Decision Matrix:
• Each alternative λi is evaluated under each criterion Gj using a LDFZN.

2. Step 2: Aggregation Using LDFZNWA Operator

(a) Assign Weights to Criteria (if applicable):
• Let ωj be the weight for criterion Gj , where∑n

j=1 ωj = 1

(b) Apply the LDFZNWA Operator:
• For each alternative λi, compute the aggregated LDFZN using LDFZNDWA

3. Step 3: Compute Score Values

(a) Apply Score Function:
SF (Z) =

1

2

[(
(µ(ζτj)·µ(ξτj))−(ν(ζτj)·ν(ξτj))

)
+

(
(α(ζτj)·α(ξτj)−(γ(ζτj)·γ(ξτj))

)]
4. Step 4: Rank Alternatives and Select the Best Option

(a) Rank in Descending Order:
• Sort alternatives based on their scores:

λ1 > λ2 > · · · > λm

where λ1 has the highest score.
(b) Final Decision:

• The alternative with the highest score is the optimal choice.

Numerical Example
Step 1: Make Judgment MatricesCreate judgment matrices from the decision-makers’ assessments (see Table 1). The input from different profes-sionals is represented by these matrices. Each alternative (λ1, λ2, λ3, λ4,) is evaluated in the decision-maker’sassessment matrix (G1, G2, G3, G4) is displayed in Table 1. The values show the relative performance of eachalternative for each decision maker.
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Table 2Linear Diophantine Fuzzy Z-Numbers given by Decision Makers
G1 G2 G3 G4

λ1 (0.9, 0.6),(0.2, 0.2),(0.9, 0.9),(0.3, 0.2) (0.8, 0.7),(0.4, 0.3),(0.9, 0.9),(0.2, 0.1) (0.7, 0.6),(0.1, 0.1),(0.8, 0.8),(0.1, 0.6) (0.6, 0.6),(0.9, 0.2),(0.4, 0.8),(0.7, 0.1)
λ2 (0.7, 0.6),(0.4, 0.3),(0.9, 0.8),(0.2, 0.1) (0.6, 0.9),(0.3, 0.2),(0.9, 0.9),(0.1, 0.1) (0.9, 0.8),(0.1, 0.5),(0.7, 0.6),(0.4, 0.3) (0.8, 0.7),(0.5, 0.4),(0.6, 0.9),(0.1, 0.1)
λ3 (0.8, 0.7),(0.1, 0.5),(0.6, 0.9),(0.4, 0.3) (0.9, 0.8),(0.2, 0.1),(0.7, 0.6),(0.5, 0.4) (0.7, 0.6),(0.5, 0.4),(0.9, 0.8),(0.1, 0.1) (0.6, 0.9),(0.4, 0.3),(0.8, 0.7),(0.2, 0.1)
λ4 (0.7, 0.6),(0.1, 0.5),(0.9, 0.8),(0.4, 0.3) (0.6, 0.9),(0.5, 0.4),(0.8, 0.7),(0.3, 0.2) (0.9, 0.8),(0.3, 0.2),(0.7, 0.6),(0.2, 0.5) (0.8, 0.7),(0.5, 0.5),(0.6, 0.9),(0.5, 0.5)

Step 2: Utilize the operator for the Linear Diaphatine Fuzzy Number Weighted Average Operator (LD-
FZNWA):Utilize the mathematical formula for the LDFZNWA aggregation operator. The overall performance ratings offour options across various sub-attributes are calculated in Table 8 by summing the assessments of the fourdecision-makers (G1, G2, G3, G4,G5). All the weights are considered 2.5 .The values provide the total evaluation of each choice according to several criteria.

Table 3Apply LDFZNWA operator on Table 1
Alternatives Aggregated value of LD-FNS
λ1 (0.8868, 0.8868), (0.1132, 0.1132), (0.8936, 0.8936), (0.1064, 0.1064)
λ2 (0.8868, 0.8868), (0.1132, 0.2230), (0.8936, 0.8936), (0.1064, 0.1026)
λ3 (0.8868, 0.8868), (0.1132, 0.1132), (0.8868, 0.8868), (0.1132, 0.1064)
λ4 (0.8868, 0.8868), (0.1132, 0.2231), (0.8868, 0.8868), (0.2230, 0.2230)
λ5 (0.8868, 0.8868), (0.1132, 0.1132), (0.8936, 0.8936), (0.1064, 0.1064)

Step 3. Determine the Score ValuesUtilizing the aggregation findings, determine the score values for each choice.To rank alternatives, compare the score values.Find the score value using the formula:
λ1 = 0.6604 λ2 = 0.6439 λ3 = 0.6140 λ4 = 0.5622

Step 4. Making Decisions and RankingBased on the determined scores, order the options.Ultimately, choose the one that has the highest ranking. The ranking of the alternatives is presented in Figure2.
λ1 > λ2 > λ3 > λ4
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Fig. 2. Score of alternatives obtained using LDFZNDWA Operator .
7. TOPSIS algorithm

TOPSIS Method on Numerical Problem
Step 1: Obtain crisp decision matrix:By applying the score function on each entry of Table 2 we get Table 4.

Table 4Crisp matrix obtained by applying score function on LDFZN
G1 G2 G3 G4

λ1 0.6250 0.6150 0.4950 0.5050
λ2 0.5000 0.6400 0.4850 0.4450
λ3 0.4650 0.4600 0.4650 0.4800
λ4 0.4850 0.4200 0.4900 0.3000

Step 1: Normalize the Decision MatrixAfter normalization we get Table 5
Table 5Normalized Decision matrix

G1 G2 G3 G4

λ1 0.5981 0.5672 0.5115 0.5742
λ2 0.4785 0.5902 0.5012 0.5060
λ3 0.4450 0.4242 0.4805 0.5458
λ4 0.4641 0.3873 0.5063 0.3411
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Algorithm 2 TOPSIS Algorithm
Input: Decision matrix based on LDFZN D = [xij] of size m× n, weights vector ω = [ω1, ω2, . . . , ωy]
Output: Ranking of alternatives

1. Obtain crisp decision matrix:Convert LDFZN based decision matrix into crisp matrix by applying score function on each LDFZN.
SF (Z) =

1

2

[(
(µ(ζτj) ·µ(ξτj))− (ν(ζτj) · ν(ξτj))

)
+

(
(α(ζτj) ·α(ξτj)− (γ(ζτj) · γ(ξτj))

)]
2. Normalize the decision matrix:

rij =
xij√∑y
i=1 x

2
ij

, for i = 1, . . . ,m; j = 1, . . . , n

3. Construct the weighted normalized decision matrix:

vij = ωj · rij, for i = 1, . . . ,m; j = 1, . . . , n

4. Determine the positive ideal (λ+) and negative ideal (λ−) solutions:

λ+ =
{
max
i
vij | j ∈ Jbenefit; min

i
vij | j ∈ Jcost

}
λ+ =

{
min
i
vij | j ∈ Jbenefit; max

i
vij | j ∈ Jcost

}
5. Calculate the separation measures:

S+
i =

√√√√ y∑
j=1

(vij − λ+j )
2, S−

i =

√√√√ y∑
j=1

(vij − λ−j )
2

6. Calculate the relative closeness to the ideal solution:

Ci =
S−
i

S+
i + S−

i

7. Rank the alternatives according to Ci in descending order.
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Step 2: Forming of the Weighted Normalized Decision MatrixThe table 6 contains the weighted normalized matrix.

Table 6Normalized decision matrix with weight
G1 G2 G3 G4

λ1 0.1495 0.1418 0.1279 0.1436
λ2 0.1196 0.1476 0.1253 0.1265
λ3 0.1112 0.1061 0.1201 0.1364
λ4 0.1160 0.0968 0.1266 0.0853

Optimal best and optimal worst solutionsThe optimal best and optimal worst solutions are presented in Table 7.
Table 7Separation measure

G1 G2 G3 G4

A+ 0.1495 0.1476 0.1279 0.1436
A− 0.1112 0.0968 0.1201 0.0853

The ultimate ranking options using TOPSIS is given in the Figure 3

Fig. 3. Your descriptive caption goes here.
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Algorithm 3 VIKOR Algorithm
Require: Decision matrix D = [xij] of size m× n, weights vector w = [w1, w2, . . . , wn]
Ensure: Ranking of alternatives

1: Obtain crisp decision matrix: Convert LDFZN based decision matrix into crisp matrix by applyingscore function on each LDFZN.
SF (Z) =

1

2

[(
(µ(ζτj) · µ(ξτj))− (ν(ζτj) · ν(ξτj))

)
+

(
(α(ζτj) · α(ξτj)− (γ(ζτj) · γ(ξτj))

)]
2: Step 1: Determine the best and worst values for each criterion

f ∗
j = max

i
xij, f−

j = min
i
xij, for j = 1, . . . , n

3: Step 2: Compute the utility measure Si and the regret measure Ri

Si =
n∑
j=1

wj
f ∗
j − xij

f ∗
j − f−

j

Ri = max
j

(
wj
f ∗
j − xij

f ∗
j − f−

j

)
4: Step 3: Compute the VIKOR indexQi

Qi = v
Si − S∗

S− − S∗ + (1− v)
Ri −R∗

R− −R∗

where S∗ = mini Si, S− = maxi Si, R∗ = miniRi, R− = maxiRi, and v is the weight for thestrategy of ”the majority of criteria” (usually v = 0.5).
5: Step 4: Rank the alternatives based onQi (primary), Si, and Ri (secondary)6: Step 5: Propose a compromise solution based on the following two conditions:

• Acceptable Advantage: Q(A(2))−Q(A(1)) ≥ DQ, where DQ = 1
m−1

• Acceptable Stability: A(1) must also be ranked the best by S or/and R.
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VIKOR MethodThe crisp decision matrix is same as of Table 4

Step 1: Ideal best and ideal worst.The ideal best and ideal worst for each criterion is given in the Table 8
Table 8Best (λ+) and Worst (λ−) values for each criterion

Criterion 1 Criterion 2 Criterion 3 Criterion 4
λ+ 0.6250 0.6400 0.4950 0.5050
λ− 0.4650 0.4200 0.4650 0.3000

Step 2: Regret MeasureRi and Utility Measure Si.Regret measures and utility measures for each alternative are given in Table 9.
Table 9Calculated regret (Ri) and utility (Si) measures for alternatives

Alternative Si Ri

λ1 0.0284 0.0284
λ2 0.3518 0.1953
λ3 0.7350 0.2500
λ4 0.7604 0.2500

Step 3: VIKOR index (Qi).The VIKOR index is given in the Table 10.
Table 10VIKOR Index Values

Alternatives VIKOR Index (Qi)
λ1 0.0000
λ2 0.5975
λ3 0.9827
λ4 1.0000

Scores in Table 10 present inverted ranking. highest score presents lowest ranking and lowest score presentshighest ranking. In order to visualize them we take reciprocal of scores and then divide them with those recip-rocals with the sum of those reciprocals.Given the VIKOR scores Qi for each alternative λi, the ranking is determined through reciprocal normaliza-tion as follows:
Step 1: Compute Reciprocals

For each alternative λi, calculate the reciprocal of its Qi score (with a small constant ϵ = 0.9 for numericalstability):
ri =

1

Qi + ϵ
, ϵ > 0 (15)
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Step 2: Sum of Reciprocals

Compute the total sum of all reciprocals:
S =

n∑
j=1

rj =

n∑
j=1

1

Qj + ϵ
(16)

Step 3: Normalized Ranking Weights

Calculate the normalized weight for each alternative:
wi =

ri
S

=
1/(Qi + ϵ)
n∑
j=1

1/(Qj + ϵ)

(17)

Step 4: Final Ranking

Rank alternatives in descending order of wi, where higher wi indicates better performance.So the final ranking of alternatives is given in the figure 4

Fig. 4. Ranking from VIKOR.

8. sensitivity analysis
A comprehensive sensitivity analysis has been performed for LDFZNDWA operator. Ranking of alternativesis preserved for various values of Ω as exhibited in Figure 5. The ranking values are closer to 1 for higher valuesof Ω and tend to get close to each other as well.
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Fig. 5. Ranking from VIKOR.

9. Comparative analysis
A comprehensive comparative analysis has been performed with three distinct MCDM approaches, LD-FZNDWA operator based decision making algorithm, TOPSIS and VIKOR algorithm in order to validate the ef-fectiveness and versatility of proposed LDFZNDWA operator. The first approach independently applies the LD-FZNDWA operator separately within the decision-making algorithm developed in this study. The second andthird approaches uses LDFZNDWA operator with TOPSI and VIKOR respectively based on LDFZNs information.The results for the comparative analysis for these three approaches are shown in the Table 11 below.

Table 11Comparison of proposed LDFZNDWA operator with VIKOR and TOPSIS
Method Score Ranking of Alternatives

Score(λ1) Score(λ2) Score(λ3) Score(λ4)
LDFZNDWA operator 0.6604 0.6439 0.6140 0.5622 λ1 ≻ λ2 ≻ λ3 ≻ λ4

TOPSIS 0.9353 0.6569 0.4752 0.0871 λ1 ≻ λ2 ≻ λ3 ≻ λ4

VIKOR 0.3917 0.2354 0.1873 0.1856 λ1 ≻ λ2 ≻ λ3 ≻ λ4

The final rankings of the three proposed algorithms are compared in Figure 6.
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Fig. 6. Comparative analysis of proposed decision making algorithms
Compared to the existing MCDM models, our methodology handles uncertainty in a more enhanced way aswe have used the LDFZNs which incorporate both membership and non membership along with their reliabilityvalues whereas the exiting models depend only on crisp or fuzzy values.There is a very important point in there comparison that readers must keep in mind that topsis and vikordo not necessarily give similar ranking. In our supposed decision matrix all three algorithms are giving similarresults but it is not always the case. We have conducted computations on many different supposed decisionmatrices and found that order of the rankings of alternative may vary in proposed decision making algorithms.Different rankings may be produced by VIKOR and TOPSIS because they use different approaches in MCDM.Although both methods measure distances from ideal solutions, in TOPSIS’s case, it only determines the distancebetween the options to the positive ideal solution without considering importance of each distance.” On theother hand, VIKOR has a more refined approach by utilizing compromise solution which emphasizes increasingcollective utility (average score) and minimizing individual regret (worst performance), hence it is applicablein conflict resolution situations. The essential disparity stems from VIKOR having a regret factor componentproviding compromise solutions resulting into differing rankings as opposed to the distance ranking used byTOPSIS; this difference is greater when dealing with closely performing alternatives or where decision makersfocus on worst outcomes instead of average outcomes.

10. Managerial Implications
Following are the managerial applications of our study.

10.1 Enhanced Decision-Making Under Uncertainty

The LDFZNs framework will alters the landscape and will be an indispensable tool for managers confrontingdifficult decision making cases where the data are hazy and experts’ opinions are spread out all over the place. Incontrast to the traditional fuzzy techniques, the LDFZNs successfully express the degree of uncertainty and thelevel of confidence on such assessments. This makes them also highly relevant for important decision-making inareas such as urban development, improvement of infrastructure, and risk management. Take, for instance, mu-nicipal planners in Pakistan, who could analyze the costs and benefits of different transportation options—e.g.,metro rail vs. bus rapid transit—taking into account budget constraints, environmental implications, and therealities of implementation, leading to better and more evidence-based policy.
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10.2 Improved Aggregation of Expert Judgments

The LDFZNDWA operator proposes a systematic procedure to integrate the perspectives of several experts,even though the ideas that the experts suggest might be conflicting. It is particularly useful when there are manyinterested parties, such as in corporate strategic planning sessions or in talks regarding the public policy whereone has to find a way of reconciling differing views. Managers can increase the viability of projects and thesupport of stakeholders by minimizing prejudice, which will result into judgments that approximate consensusby weighting expert assessments to the superiority of their predictions.
10.3 Better Ranking of Alternatives Using Hybrid MCDM

TOPSIS and VIKOR are used together with LDFZNs to offer an in-depth way of ranking selections in case ofrival standards. As an example, economical factors such as cost, scalability, and environmental effects can bebetter evaluated when businesses select renewable energy projects. This systematic ranking process ensuresthat the solution that was chosen meets the short term demands as well as the long term sustainability goalssince it does not involve subjective biases.
10.4 Support for Sustainable and Cost-Effective Planning

This approach strikes a compromise between environmental and economic considerations, which is cru-cial for decision-makers in developing nations like Pakistan. In order to manage risks and prioritize initiativesthat yield the greatest advantages, decision-makers can measure uncertainty in cost projections, possible traf-fic reductions, and carbon emissions. In order to ensure that infrastructure investments fulfill internationalcommitments like the Paris Agreement and the UN Sustainable Development Goals (SDG 11.2), this strategy isessential.
10.5 Scalability Across Industries

As research is only based on urban transportation, the presented LDFZN framework has broader applicationsin other sectors, including healthcare, finance, and supply chain management. Hospitals, for example, mightuse it to contemplate treatment options when the outcomes are uncertain. Investment professionals could useit to measure investment risk in turbulent markets. The flexibility of this approach as a general tool for complexdecision making in the presence of uncertainty suggests that it can be a useful resource across all domains.
11. Conclusion

Capturing and managing complex uncertainty in MCDM was a challenge that this work successfully solvedwith LDFZNs. These numbers combine linear Diophantine structures with Z-number notions to present a novelmethod that goes beyond conventional fuzzy sets. The combination is helpful in providing a concurrent descrip-tion of ambiguity and reliability in unreliable information. Significantly, the generalized operator LDFZNDWA hasbeen considered. It was more than clear based on our mathematical reasoning that this operator fulfills some ofthe more important properties or characteristics; this includes but is by no way limited to, monotonicity, bound-edness, idempotency, and closure. This proves that it is apposite and rational to merge LDFZN data. As part ofour initiative in order to assess the viability of the suggested approach, we performed an intensive case study toselect the best options in producing energy in Pakistan. We demonstrated how this framework can handle com-peting criteria and inherent uncertainties in a practical setting by combining LDFZNs and the LDFZNWA operatorwith a number of well-known MCDM methods, such as VIKOR and TOPSIS. By all means, this research providesa reliable and statistically sound instrument to the decision-makers. The LDFZN frame and LDFZNWA operatorallow representing complex uncertainties more accurately in a complex situation where there is a multiplicityof interests and incomplete information. The outcome of this is making more responsible and sound decisions.Future research topics might include other LDFZN aggregation operators and knowledge of how the framework

32



Spectrum of operational researchVolume 00, Issue 00 (2025) 1-34
can be applied to other challenging decision-making areas.
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